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Capacity of Hybrid Cognitive Radio Networks
With Distributed VAAs

Xuemin Hong, Cheng-Xiang Wang, Senior Member, IEEE, Murat Uysal, Senior Member, IEEE,
Xiaohu Ge, Member, IEEE, and Shan Ouyang

Abstract—A cooperative hybrid cognitive radio (CR) network
is proposed to simultaneously operate on a dedicated licensed
band and a secondary band. The licensed band is used for com-
munications between a base station (BS) and mobile CR users,
whereas the secondary band is used to facilitate the licensed
band communication by coordinating multiple CR users to form
distributed virtual antenna arrays (VAAs). The capacity of the
proposed CR network is studied at both the link and system levels.
At the link level (single VAA case), we present an amplify-and-
forward-based cooperative signaling scheme that employs power
control to prevent harmful noise propagation. The resulting vir-
tual multiple-input–multiple-output (MIMO) link capacity is de-
rived and compared with the real MIMO system. At the system
level (multiple VAAs case), the system capacity is derived as
a function of multiple parameters, including the primary user
density, CR user density, primary exclusion region radius, and
VAA radius. Under an average interference power constraint,
the maximum system capacity is further calculated by solving
an optimization problem with adjustable system parameters. Nu-
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merical studies reveal that the proposed cooperative hybrid CR
network has a fundamental advantage over a pure CR network by
being insensitive to the characteristics of the coexisting primary
network. This merit, however, relies on a high CR user density
and a wide bandwidth of the secondary band.

Index Terms—Capacity analysis, cognitive radio (CR) network,
multiple-input multiple-output (MIMO), virtual antenna array
(VAA).

I. INTRODUCTION

CURRENT spectrum-regulation policies have resulted in
an imbalanced and inefficient utilization of the precious

radio spectrum. Certain bands are highly congested, whereas a
large portion of the spectrum is only sparsely used across geo-
graphical areas and time [1]. Over recent years, cognitive radio
(CR) [2]–[6] has been pursued as a promising technology to
improve the spectrum utilization by enabling secondary usage
of the underutilized spectrum licensed to primary systems. A
secondary CR network is able to adapt to dynamic spectrum
environments and achieve its communication goals without
jeopardizing cochannel primary services.

CR networks can broadly be categorized into two types,
namely, interweave CR networks and overlay CR networks [5].
The former are also called noninterfering CR networks [6].
They detect spectrum holes via sensing [3] and adaptively tune
secondary radio transceivers to operate in the orthogonal signal
space of primary transmissions. The main research concern is
how to reliably discover spectrum holes scattered in a wide
frequency range and effectively use them. The interweave CR
network offers a practical solution to achieve coexistence of
primary and secondary networks. It has been the main focus
of CR research and has drawn standardization efforts from the
IEEE 802.22 [7] working group.

Overlay CR networks are also called interference-tolerant
CR networks [6]. They take a more fundamental view on
coexistence by shifting the focus from primary transmitters
to primary receivers. Secondary transmissions are allowed as
long as the actual interference perceived at the primary re-
ceivers is controlled to fulfill certain protective constraints.
The unique research problem is how to reliably manage the
interference at primary receivers. In practice, certain feedback
mechanisms are required to periodically inform CR transmit-
ters about the instantaneous interference level at the primary
receivers. For instance, primary receivers can either report the
measured interference levels via a dedicated common control
channel [8] or transmit pilot signals, which can be sensed by
CR transmitters to estimate the interference channel gain [9].
Due to the need of primary receiver feedback, overlay CR
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networks are not suitable to be deployed in certain bands,
e.g., TV bands, but are more appropriate in bands with rela-
tively sparse primary receivers (e.g., radar or fixed microwave
communication (FMC) bands). Despite facing greater technical
and regulatory challenges, overlay CR networks can achieve
better spectrum utilization than interweave CR networks by
allowing secondary networks to overlap with primary networks
in the same signal space. This advantage can make the overlay
CR network a favorable solution in certain scenarios where
spectrum holes are limited, fragmented, or unusable (e.g., the
example in Section IV). Unlike interweave CR networks that
are becoming a commercial reality, overlay CR networks still
face open questions with regard to their fundamental limits,
practicality, and design guidelines. In this paper, we focus on
overlay CR networks, which will be simply referred to as CR
networks subsequently.

Pure CR networks utilizing only the secondary spectrum
(i.e., licensed spectrum opened for secondary use) have unre-
liable performance because the availability of the secondary
spectrum is susceptible to the behavior of the coexisting pri-
mary networks. A number of studies [10]–[13] have shown that
the capacities of pure CR networks can greatly fluctuate even
with slight changes in the densities, interference tolerances, or
transmission behaviors of the primary users. This instability of
the capacity motivated us to propose the hybrid CR network,
which combines an opportunistic pure CR network with a
reliable licensed network and seeks to leverage the advantages
of both networks [6]. For example, a cellular network can
explore secondary bands outside its licensed cellular band and
form a hybrid CR network to expand its capacity.

Two architectures exist for hybrid CR networks, namely,
noncooperative and cooperative [6]. A noncooperative CR
network has two independent radio physical layers (PHYs) sep-
arately operating in the licensed and secondary bands. CR de-
vices can adaptively select a PHY interface that best suits their
communication tasks. For example, services with strict quality-
of-service (QoS) requirements can be scheduled to the (reliable)
licensed PHY, whereas services with relaxed QoS requirements
can be delivered over the (opportunistic) secondary PHY. The
system capacity of a noncooperative hybrid CR network is
simply the sum of the capacities provided by the licensed and
secondary PHYs. In many secondary bands, tight transmit
power constraints are imposed to protect primary systems.
Consequently, the capacity of the secondary network usually
quickly diminishes with increasing communication ranges [11],
making a noncooperative hybrid CR network only worthwhile
to deploy for short- to medium-range communications.

Alternatively, cooperative hybrid CR networks were pro-
posed in [6] to have a single integrated PHY across both
bands: the licensed band is used to send information to the
(distant) destination, whereas the secondary band is used to
facilitate the licensed band transmission using certain forms of
cooperative communications [14]. For example, a CR source
can use the secondary band to coordinate nearby CR users
to form a virtual antenna array (VAA) [15]. The VAA can
then bring significant capacity gains over the licensed band by
emulating multiple-input–multiple-output (MIMO) communi-
cations [16]. Compared with noncooperative systems, coop-

erative hybrid CR networks have major advantages in being
able to support medium- to long-range communications and
providing better immunity against high primary user density
[6]. Intuitively, these advantages come from exploiting the
typically complementary characteristics of the licensed and
secondary radio resources. The licensed spectrum, which has a
relatively small bandwidth but can operate at high power levels,
is better used for long-range communications. On the other
hand, the secondary spectrum, which has tight power limits but
a potentially wide bandwidth, is more suitable for short-range
communications to facilitate local cooperation.

The cooperative hybrid CR network studied in [6] was
largely oversimplified. In this paper, we aim to propose and
study a novel cooperative hybrid CR network, which is more
realistic and advanced in three aspects.

1) A time-sharing system was assumed in [6], allowing
one VAA to be active at a time (in a cell). Contrary to
[6], this paper considers a distributed VAA system that
allows multiple VAAs to simultaneously operate to bring
significant increases to the system capacity.

2) A frequency-division multiple-access (FDMA) scheme
was assumed in [6] for transmissions in the secondary
band. This scheme is replaced in this paper by code-
division multiple access (CDMA). This change is nontriv-
ial since CDMA provides an inherent advantage to exploit
the wideband feature of the secondary band to improve
the system performance.

3) Similar to [6], we assume amplify-and-forward re-
laying in this paper. This scheme is preferable for
delay-constrained services but requires high signal-to-
interference-and-noise ratio (SINR) in the source-to-relay
link to avoid harmful noise propagation. While there is no
mechanism provided in [6] to control noise propagation, a
refined VAA signaling scheme with power control is pro-
posed in this paper to prevent harmful noise propagation.

The capacity of the proposed cooperative hybrid CR network
will be studied first at the link level and subsequently at the
system level. We study the uplink capacity when only one
secondary band is used, noting that extensions to the downlink
capacity and multiple secondary bands are straightforward.
These capacity studies serve to measure the long-term perfor-
mance limits of large-scale cooperative hybrid CR networks
and provide guidelines to strategic network planning. We show
that the proposed cooperative hybrid CR network is a promising
alternative to the noncooperative hybrid CR networks to be
deployed in urban scenarios to provide reliable medium- to
long-range communication services.

The remainder of this paper is organized as follows:
Section II describes the link model of VAA signaling and ana-
lyzes the resulting link capacity. The system capacity involving
multiple VAA links is subsequently derived in Section III.
Numerical results and discussion are provided in Section IV.
Finally, conclusions are drawn in Section V.

II. LINK-LEVEL CAPACITY ANALYSIS

We consider a centralized hybrid cooperative CR network
where a base station (BS) with Mr antenna elements located
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Fig. 1. Link model of a cooperative hybrid CR network with a VAA and a
multiantenna BS.

at a cell center communicates with multiple single-antenna CR
users distributed in the cell. The network can operate on a
dedicated licensed band and a secondary band. The licensed
band is exclusively used for communications between the BS
and CR users, whereas the secondary bands are exclusively
used for neighboring CR users to self-organize into multiple
ad hoc VAA groups.

This section focuses on the link-level communication, which
involves only one VAA and the BS. Fig. 1 illustrates the link
model and shows two phases in a virtual MIMO communication
signaling scheme. In the first phase, the target CR user sends
relevant information to cooperating users in the VAA. Com-
munications in this phase is performed in the secondary band
with best effort, under an interference constraint that protects
the cochannel primary network from the CR interference. In the
second phase, the VAA acts as a whole to communicate with the
BS in the dedicated licensed band. Four basic assumptions are
made in our following discussions: First, to protect the primary
network, a CR VAA has a maximum total power P to transmit
in the secondary band. Second, an amplify-and-forward scheme
is used in the relaying process. Third, CDMA is used for all
transmissions in the secondary band. Fourth, the CR users
can simultaneously and independently operate in the dedicated
licensed band and the secondary band. This assumption is
feasible if these two bands are sufficiently separated.

A. VAA Establishment

The first task of a target CR user is to coordinate neighboring
idle CR users to establish a VAA. We propose the following
protocol to achieve this with two handshakes and four steps.

1) The target CR user broadcasts relevant information with
full power P in a preselected broadcast channel.

2) Idle CR users periodically monitor the broadcast channel
and evaluate the SINR of the received signals. Once the
SINR is detected to be above a certain threshold, the
idle CRs send feedback information (including, e.g., user
identification and SINR information) to the target CR
through slotted random access channels with power P .

3) Based on the feedback information from idle CR users,
the target user selects those with good channel qualities to
form a VAA. The selection criterion is that those selected

CR users can simultaneously receive independent signals
from the target user, through orthogonal CDMA channels
and with a minimum SINR ρcr. This selection criterion
guarantees that only signals with high qualities are for-
warded in the second phase and thereby prevents harmful
noise propagation [17]. It can be noted that classic cel-
lular CDMA downlink power control algorithms such as
that proposed in [18] can be used to select CR users into
a VAA. Once the selection is completed, the target CR
user will broadcast the identities of selected idle users and
allocate a channel [Pseudo-Noise (PN) code] to each one.

4) Finally, the selected idle users acknowledge their cooper-
ation and tune to the allocated CDMA channels to receive
data. After a VAA is formed, we will subsequently call the
selected idle users as cooperating users. The number of
single-antenna users (including the target user) in a VAA
is denoted by Mt.

B. Transmissions in the Secondary Band

After a VAA is established (with Mt transmit antennas), the
actual virtual MIMO communication can start. Suppose that
the target user has an information vector, which is denoted
s = [s1, . . . , sMt

]T , intended to be transmitted at certain time
slot from the VAA to the destination. Here, each symbol within
the vector s has unit power, and [·]T represents the transpose
of a matrix. Since the target user with a single antenna can
only transmit one symbol sMt

at a time slot, it should trans-
mit other information symbols sq (q = 1, . . . ,Mt − 1) to the
corresponding Mt − 1 cooperating users in the previous time
slot via orthogonal CDMA channels in the secondary band.
These channels between the target user and cooperating users
are called cooperation channels. Realistic modeling of such
channels can be found in [19]–[21]. We assume that a power
control scheme, such as that in [18], is employed by the target
CR user to compensate the channel loss in the cooperation
channels so that the received symbols (after CDMA despread-
ing) at all the cooperating users have the same SINR ρcr. With
an amplify-and-forward relaying scheme, the symbols received
by cooperative users at a previous time slot are amplified and
retransmitted in the licensed band in the next time slot. It
follows that the retransmitted symbols (with power normalized
to 1) from the qth cooperation user is given by

ŝq =
√

1 + ρcr

ρcr

(
exp(iθq)sq +

√
1

ρcr
n̂q

)
(1)

where i =
√
−1, exp(iθq) represents the random phase shift

in the qth cooperation channel, and n̂q corresponds to the
interference-plus-noise term at the qth cooperating user. We
assume that n̂q can be treated as additive white Gaussian noise
(AWGN) with unit power. The signal vector actually transmit-
ted from the VAA is then given by ŝ = [ŝ1, . . . , ŝMt−1, sMt

]T ,
and we have

ŝ =
√

ρcr

1 + ρcr
Ĥs +

√
1

1 + ρcr
n̂ (2)
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where Ĥ is the Mt × Mt cooperation channel-phase matrix
given by

Ĥ = diag (exp(iθ1), exp(iθ2), . . . , exp (iθMt−1) , 1) (3)

and n̂ is the Mt × 1 noise vector given by

n̂ = [n̂1, n̂2, . . . , n̂Mt−1, 0]T . (4)

C. Transmissions in the Licensed Band

The VAA with Mt transmit antennas and the BS antenna
array with Mr receive antennas form an Mt × Mr virtual
MIMO communication link in the dedicated licensed band. Let
us denote the Mt × Mr MIMO channel-transfer matrix in the
licensed band by H̃. When an Mt × 1 signal vector ŝ given by
(2) is transmitted from the VAA, the Mr × 1 received signal
vector y at the BS is given by [16]

y =
√

ρbs

Mt
H̃ŝ + ñ (5)

where ρbs denotes the average SINR at the BS, and ñ is an
Mr × 1 vector whose elements represent the interference-plus-
noise signal at the BS antenna elements. Each element of ñ is
assumed to be AWGN with unit power. Substituting (2) into (5),
we get

y =
√

ρbs

Mt

√
ρcr

1 + ρcr
Hs + n (6)

where H is the virtual MIMO channel matrix given by the
product of the cooperation channel-phase matrix Ĥ and the
licensed band MIMO channel matrix H̃, i.e.,

H = H̃Ĥ. (7)

In (6), n is defined as

n =
√

ρbs

Mt

√
1

1 + ρcr
H̃n̂ + ñ (8)

which represents the total interference-plus-noise signal. It
includes not only the local interference-plus-noise signal at
the BS but the regenerative interference-plus-noise signal for-
warded from the VAA as well.

D. Link Capacity

Given (6), the link capacity of the virtual MIMO channel
is defined as the maximum mutual information between the
vectors y and s. Following similar steps in [16], the normalized
ergodic link capacity (spectral efficiency) of the virtual MIMO
channel in the absence of channel knowledge at the transmitter
can easily be derived as

CL(Mt) = E

{
log2

[
det

(
IMr

+
ρbs

Mt

ρcr

1 + ρcr
R−1

nnHH†
)]}

(9)

where E(·) is the expectation operator, (·)† denotes the Her-
mitian transpose of a matrix, IMr

is an Mr × Mr identity
matrix, and Rnn = E{nn†} is the Mr × Mr covariance matrix
of the noise vector n. From (8), we can calculate Rnn as

Rnn = IMr
+

ρbs

Mt

1
1 + ρcr

H̃Rn̂n̂H̃† (10)

where Rn̂n̂ is the Mt × Mt covariance matrix of the vector n̂.
From (4), we have

Rn̂n̂ = diag[1, 1, . . . , 1, 0]. (11)

The expectation in (9) is taken over the fading states of the
virtual MIMO channel, i.e., the random matrix H given by
(7). From (9), it is obvious that given certain channel-fading
statistics, the normalized ergodic link capacity ρcr is deter-
mined by three parameters: the average SINR at cooperating
CR users, the average SINR ρbs at the BS, and the number
of transmit/receive antenna elements. The impacts of these
three parameters on the ergodic capacity will subsequently be
investigated using numerical methods. The channel coefficients
in H̃ are assumed to be independent and are obtained from
a composite channel model, including lognormal shadowing
(with a standard deviation of 8 dB) and Rayleigh fading (with
unit power). We assume Mr = 8 as an example for a high-
performance BS. For comparison purposes, here, we also give
the classic normalized ergodic link capacity of a real Mt × Mr

MIMO system [16], i.e.,

C̃L(Mt) = E

{
log2

[
det

(
IMr

+
ρbs

Mt
H̃H̃†

)]}
(12)

where the expectation is taken over the random channel matrix
H̃. It is obvious that (9) differs from (12) by taking into account
extra factors such as the CR channel SNR ρcr and the CR VAA
channel matrix Ĥ.

Fig. 2 shows the normalized ergodic link capacity of a
virtual MIMO link CL given by (9) as a function of ρbs

with different values of ρcr and Mt. The normalized ergodic
link capacities C̃L of real MIMO systems given by (12) are
also shown for comparisons. Clearly, with the increase of Mt,
both the real and virtual MIMO channel capacities increase.
Moreover, large ρcr makes the resulting ergodic virtual MIMO
channel capacity approach closely to the corresponding real
MIMO channel capacity. When Mt = 1, both the real MIMO
and virtual MIMO systems reduce to a single-input–single-
output system. In Fig. 3, we show the normalized ergodic link
capacity of virtual MIMO as a function of ρcr with ρbs =
8 dB, which is a typical value in, e.g., cellular communication
systems. It is observed that, for the same number of transmit
antennas, virtual MIMO gives a lower normalized ergodic link
capacity than real MIMO schemes due to the noise caused in
the relay (i.e., amplify-and-forward) process. Higher values of
ρcr mean smaller noise in the relay process, and hence, the
normalized ergodic link capacity of virtual MIMO approaches
that of real MIMO when ρcr is sufficiently high. A ρcr value
of 15 dB is required to achieve about 80% of the real MIMO
capacity gain.
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Fig. 2. Normalized ergodic link capacities of a virtual MIMO channel CL and
a real MIMO channel C̃L as functions of the average received SINR ρbs at the
BS with different VAA transmit antenna numbers Mt and ρcr (Mr = 8).

Fig. 3. Normalized ergodic link capacities of a virtual MIMO channel CL

and a real MIMO channel C̃L as functions of the average received SINR ρcr

at the CR relays with different VAA transmit antenna numbers Mt (ρbs =
8 dB, and Mr = 8).

III. SYSTEM-LEVEL CAPACITY ANALYSIS

A. System Model

In this section, we will study the capacity of the proposed
hybrid CR network at the system level. Fig. 4 illustrates the
system model consisting of multiple primary users, CR users,
and a BS. The primary users/receivers (illustrated as disk
antennas) and CR users (illustrated with mobile phones) are
randomly distributed on a plane. We assume that the spatial
distributions of the primary and CR users can be described by
two stationary Poisson point processes with density parameters
λp and λc, respectively. These density parameters denote the
average number of users per unit area. The spatial Poisson
model is adopted because it is a powerful analytical tool to

Fig. 4. System model of a cooperative hybrid CR network with a BS, multiple
primary users, and multiple CR users.

describe the random spatial distributions of mobile users and
has intensively been used in system-level performance studies
of mobile networks (e.g., [22] and [23]).

Centered at each primary receiver, there is an “exclusion
region” [5], [24], [25]. Any CR user within this exclusion
region is forbidden to transmit in the secondary band. Previous
studies [5], [24], [25] have shown that the exclusion region is an
effective mechanism to protect primary receivers by eliminating
dominant interferers and reduce the aggregate interference. To
detect exclusion regions in practice, a CR can either detect
the special beacons [8] transmitted by primary receivers, sense
the RF leakage emitted by primary receivers [9], or consult a
primary receiver location database [7]. These schemes will lead
to exclusion regions of circular shapes under the assumption
of path-loss-only (i.e., nonfading) channel models, which are
widely used for system-level capacity analysis [6], [10], [22]–
[24]. We assume that all primary receivers are equally protected
with the same exclusion region radius L. It is worth noting
that it is more appropriate to implement “exclusion region” in
primary networks with relatively sparse receivers (e.g., radar
and FMC networks) so that the implementation cost is relatively
low and the remained regions allowing CR transmissions are
large enough to justify the deployment of CR networks.

Outside the exclusion regions, CR users can communicate in
the secondary band to form multiple VAAs. These VAAs are es-
tablished in a distributed and ad hoc fashion to simultaneously
and opportunistically improve the communications of multiple
target users. To increase the capacity of a cooperative hybrid
CR network, a secondary band should spatially be reused
to simultaneously establish many distributed VAAs without
interfering with each other. To mitigate the mutual interference
among VAAs, we assume that every VAA has a circular region
of radius R and different VAAs cannot overlap. We denote
the spatial densities of the VAAs and CR users transmitting
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in the licensed band by λv and λl, respectively. Clearly, we
have λv ≤ λl ≤ λc. When VAAs are established in multiple
secondary bands, the total VAA spatial density is simply the
sum of the densities in each band.

B. Interference Modeling and Approximation

Due to their spectrum-sharing nature, CR networks in-
evitably operate in interference-intensive environments. Before
we can analyze the system capacity of the proposed hybrid CR
network, we need to first understand the characteristics of the
interference in the secondary band. Three types of interference
in the secondary band are of our interest. The first type is the
aggregate interference Ip received at a primary receiver from
distributed VAAs. This interference is of great importance in
CR networks since it should be bounded by certain constraints
to protect the primary services. The second type is the aggregate
interference Is received at a VAA from other VAAs. This
mutual interference among VAAs could become a limiting
factor in a multiuser context and should properly be treated
in system-level studies. The third type is the interference from
the primary network to VAAs. Usually, this interference does
not significantly vary over time and space and can be treated
as the background interference with a constant power. We will
subsequently use I0 to denote the background interference-
plus-noise power perceived by the secondary receivers.

Let us first study the aggregate interference Ip at a pri-
mary receiver. After a VAA is established, only the target
user transmits in the secondary band. Therefore, the entire
distributed VAA network has a transmitter density λv . The
channels between the CR transmitters and the primary receiver
are called interference channels. For analytical tractability, we
assume that the interference channels only consist of path loss.
This assumption has been adopted in many system-level studies
(e.g., [6], [10], and [22]–[24]), and a recent study [25] has
shown that considering fading channels does not cause major
changes in the probability distribution function (pdf) of Ip. The
distance between the jth (1 ≤ j < ∞) CR transmitter and the
primary receiver is denoted by dj , (L ≤ d1 ≤ d2 · · · ≤ dj ≤
. . . ≤ d∞). Further assume that all VAAs use the same power
P . The aggregate interference power at the primary receiver is
given by

Ip = P

∞∑
j=1

(dj)−α, L ≤ d1 ≤ d2 ≤ · · · ≤ d∞ (13)

where α is the path-loss exponent. Although the exact spatial
distribution of the VAAs may not be a Poisson distribution, it
is reasonable to assume that a Poisson point process with the
same density λv can be used for calculating the pdf of Ip. The
characteristic function of the random variable Ip can then be
obtained as [25]

φIp
(ω)=exp

⎧⎪⎨
⎪⎩λcπL2

[
1−eiωL−α

]
+iωλcπ

L−α∫
0

t−2/αeiωtdt

⎫⎪⎬
⎪⎭ .

(14)

From (14), the pdf of Ip can numerically be computed by taking
the inverse Fourier transform of φIp

(ω). However, since this
numerical method is not much flexible, analytical approxima-
tions are desirable. Previous numerical studies have shown that
the pdf of Ip is skewed to the left [24], [25]. Therefore, we
will subsequently examine the feasibility of using two left-
skewed distributions, i.e., lognormal and gamma distributions,
to approximate the pdf of Ip by fitting the mean and variance.
Using the Campbell theorem [26], the mean and variance of Ip

can be evaluated as [27]

mp = E(Ip) =
2πλvP

α − 2
L2−α (15)

vp =
πλvP

2

α − 1
L2−2α (16)

respectively. The cumulative distribution function (cdf) of a
lognormal distribution with a mean parameter μ and a standard
deviation parameter σ (evaluated under the natural logarithm of
the variable) is given by

FLN(x;μ, σ) =
1
2

+
1
2

erf

(
ln(x) − μ√

2σ

)
. (17)

By matching the mean and variance, the cdf of Ip can be
approximated by FLN(x;μp, σp), where the mean and variance
are given by

μp =
1
2

ln

(
m4

p

m2
p + vp

)
(18)

σ2
p = ln

(
m2

p + vp

m2
p

)
. (19)

On the other hand, the cdf of a gamma distribution with a shape
parameter k and a scale parameter θ is given by

FGa(x; k, θ) =
γ(k, x/θ)

Γ(k)
(20)

where Γ(·) is the Gamma function, and γ(x, y) is the incom-
plete Gamma function, which is defined as

γ(x, y) =

x∫
0

ty−1e−tdt. (21)

A gamma random variable having the same mean and vari-
ance as Ip has a cdf FGa(x; kp, θp) with kp = m2

p/vp and θp =
vp/mp. Fig. 5 compares the cdf’s of Ip calculated by the numer-
ical method [i.e., inverse Fourier transform of (14)] with those
obtained from lognormal and gamma approximations. It is ob-
served that, for practical values of L (L ≥ 4), both the lognor-
mal and gamma distributions can approximate well the cdf of
Ip, whereas the gamma approximation slightly outperforms the
lognormal approximation. Moreover, Fig. 5 confirms that the
exclusion-region mechanism is very effective in managing
the aggregate interference by implementing different values of
the radius L.
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Fig. 5. Cdf’s of the normalized interference power Ip (normalized to the VAA
transmit power P ) from the distributed VAAs to the primary receiver with an
exclusion region radius L (α = 3 and λv = 10−2 users/m2).

Now, we will discuss the mutual interference Is among
VAAs. Consider an arbitrary secondary receiver in a VAA. The
interfering CR transmitters from other VAAs will be at least
R distance away since VAAs cannot overlap. In other words,
it appears if the secondary receiver has an exclusion region of
radius R. Therefore, the previously established results in (13)
–(20) can be applied to evaluate Is by simply changing the
parameter L to R. We note that this method only computes an
upper bound of Is. A more precise but less-tractable model of
Is is possible [24] but will not be pursued in our study.

C. System Capacity

The link-level analysis in Section II concerns only one VAA
link at a time, and we have quantified the link capacities
given fixed VAA antenna numbers Mt. As illustrated in Fig. 4,
the system-level capacity study concerns multiple VAA links.
Different VAAs may have different numbers of antennas due to
the random locations and availability of cooperating CR users.
Therefore, Mt should be treated as a random variable at the
system level. The (average) system capacity of the hybrid CR
network is defined as the sum capacity of various VAA links. It
can be calculated as the product of the VAA spatial density and
the averaged link capacity, i.e.,

C = λv

Mr∑
N=1

CL(N)fMt
(N) (22)

where CL(·) is the ergodic link capacity given by (9), and
fMt

(·) is the pdf of Mt. This system capacity measures the
average transmitted bits per second per hertz per square meter
and has a unit of b/s/Hz/m2. We note that Mt ≤ Mr is assumed
in (22). This assumption reflects a common practice that a VAA
only seeks to match its antenna number with the receiver side.
In other words, at most Mr − 1 cooperating users with the best
cooperation-channel qualities are selected in a VAA. Typically,
in a hybrid CR network, the licensed band network is an estab-

lished network (e.g., a cellular network) with a predetermined
capacity, whereas the secondary band is further introduced to
the licensed network to expand the system capacity. Therefore,
we are particularly interested in the increased system capacity
given by

ΔC = C − λvCL(1)

= λv

Mr∑
N=2

(CL(N) − CL(1)) fMt
(N). (23)

In (22) and (23), the link capacity CL(·) was studied in
Section II. In what follows, we will further investigate λv and
fMt

(N).
1) VAA Density λv: The point process describing the VAA

distribution can be obtained from the point process representing
the CR user distribution through thinning operations (i.e., delet-
ing points). The spatial distribution of all CR users is described
by a stationary Poisson point process Φc with density λc. Since
two target CR users (i.e., the centers of two VAAs) should be at
least 2R distance apart, a new point process Φm can be obtained
from Φc by deleting points that lie closer than 2R. This new
point process, called the Marten hardcore process, has a density
[26, p. 164]

λm =
1 − exp

(
−4λcπR2

)
4πR2

. (24)

From Φm, CR users located within the exclusion regions should
further be eliminated, resulting in a new point process Φe. The
percentile of the exclusion region area on the entire plane is
given by [26, p. 83]

χe = 1 − exp
(
−λpπL2

)
. (25)

The density of Φe is therefore

λe = λm(1 − χe) =
exp

(
−λpπL2

) [
1 − exp

(
−4λcπR2

)]
4πR2

.

(26)

Finally, since the VAA density cannot exceed the licensed band
user density λl, we have

λv = min(λe, λl). (27)

2) PDF fMt
(·) of Mt: The discrete random variable Mt

denotes the number of antennas in VAAs. The discrete random
variable Mt − 1 denotes the number of cooperating users in
VAAs. As described in Section II-A, the cooperating users
are selected only if the target user can guarantee a minimum
SINR ρcr at each of them. To obtain the pdf fMt

(·), let us
first consider the corresponding cdf FMt

(·) of Mt. The value
of FMt

(N) gives the probability that a VAA has at least N
antennas. It follows that the complementary cdf 1 − FMt

(N)
means the probability that a VAA has more than N antennas
(i.e., at least N + 1 antennas). Two conditions need to be
satisfied for a VAA to have more than N antennas: 1) The
distance dN of the N th furthest cooperating user to the target
CR user should be smaller than the VAA radius R; and 2) the
minimum power PN required to support N cooperating users,
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each with a minimum SINR ρcr, should be less than the
maximum allowable power P . We then have

1 − FMt
(N) = FdN

(R)FPN |dN≤R(P ) (28)

where FdN
(·) denotes the cdf of dN , and FPN |dN≤R(·) denotes

the cdf of PN conditioned on dN ≤ R. We will subsequently
try to solve the right-hand side of (28).

To calculate FdN
(R), let us define a new random variable

gN = d2
N . Given that CR users are distributed according to a

Poisson field with density λc, gN has an Erlang distribution [26]
with a shape parameter N and a rate parameter πλc. The Erlang
cdf with a shape parameter k and a rate parameter λ is denoted
by FEr(x; k, λ) and is given by [26]

FEr(x; k, λ) = 1 −
k−1∑
n=0

e−λx2
(λx2)n

n!
(29)

where n! denotes the factorial of n. We can then write

FdN
(R) = FEr

(
R2;N,πλc

)
. (30)

Now, let us consider the conditional cdf FPN |dN≤R(·) of PN

in (28). As shown in the Appendix, we have

FPN |dN≤R(P )=
1
2

+
1
2

erf

[
ln(1+G/ρcr−N)−μs0−μD√

2 (σ2
s0+σ2

D)

]
(31)

where G is the CDMA spreading/processing gain in the sec-
ondary band, and μs0, μD, σs0, and σD are defined in the
last paragraph of the Appendix. We note that the spreading
gain is proportional to the bandwidth of the secondary band.
Substituting (30) and (31) into (28), we can express the cdf of
Mt, i.e., the random number of antennas in a VAA, as

FMt
(N) = 1 − FEr(R2;λcπ,N)

×FLN

(
1 + G/ρcr − N ;μs0 + μD,

√
2 (σ2

s0 + σ2
D)
)

.

(32)

Given FMt
(N), the corresponding pdf fMt

(N) of the number
of antennas in a VAA can be obtained. Finally, combining
fMt

(N), the link capacity CL(N) given by (9), and VAA
density given by (27), the system capacity defined in (22) can
be calculated.

D. Maximum System Capacity

In Section III-C, we have derived the system capacity of the
hybrid CR network as a function of multiple factors, including
the primary user density λp, CR user density λc, licensed
channel-user density λl, exclusion region radius L, VAA radius
R, VAA transmit power P , average SINR at the BS ρbs,
minimum average SINR at the cooperating users ρcr, back-
ground interference in the secondary band I0, and spreading
gain G. In Section III-B, the interference to primary receivers
Ip has been derived as a function of λp, λc, λl, L, R, and
P . This interference Ip should fulfill certain constraints, such

Fig. 6. Increased system capacity ΔC as a function of the VAA trans-
mit power P in the secondary band with different values of the VAA
radius R (α = 3, Mr = 8, λp = 10−4 users/m2, λc = 10−2 users/m2,
λl = 10−3 users/m2, L = 30 m, ρbs = 8 dB, ρcr = 15 dB, I0 = 10, and
G = 10 dB).

as peak interference power constraints, average interference
power constraints, or interference outage constraints [10], [11].
Mathematically, we can express an interference constraint as
FCont(Ip) ≤ Ilim, where FCont(·) is a constraint-related map-
ping function and Ilim is a scalar or vector specifying certain
constraint values.

In planning a cooperative hybrid CR network, we are inter-
ested in the following optimization problem: Given a licensed
band network (λc, λl, and ρbs) and a secondary band (λp,
I0, and G) to be used under a certain interference constraint
(Ilim), how can one decide adjustable system parameters (L,
R, P , and ρcr) so that the total system capacity C defined in
(22) is maximized? Maximizing C is equivalent to maximizing
the increased system capacity ΔC given by (23). Therefore, the
optimization problem can formally be stated as follows: Given
λp, λc, λl, ρbs, I0, G, and Ilim, find

ΔCmax = max
L,R,P,ρcr

ΔC(L,R, P, ρcr)

s.t. FCont(Ip) ≤ Ilim L > 0 R > 0 P > 0 ρcr > 0

(33)

where ΔCmax denotes the maximum increased system ca-
pacity. There are complex tradeoffs involved in finding the
optimal parameter values. For example, if ρcr increases, the
link capacity also increases, but the average antenna number
in a VAA reduces. For another example, if R increases, the
VAA density reduces, but the average number of antennas in a
VAA increases. To illustrate some of these tradeoffs, in Fig. 6,
we show ΔC as a function of P with different values of R.
With the given parameter set, it is found that R = 8 m gives
the maximum capacity when P is sufficiently high. Moreover,
at high values of P , the capacities saturate to certain limits
because the VAA performance becomes limited by the mutual
interference Is among VAAs.
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Fig. 7. Increased system capacity ΔC as a function of the exclusion region
radius L and VAA radius R (α = 3, Mr = 8, λp = 10−4 users/m2, λc =
10−2 users/m2, λl = 10−3 users/m2, ρbs = 8 dB, ρcr = 15 dB, I0 = 1,
G = 20 dB, and Ilim = 1).

In what follows, we will solve the optimization problem in
(33) under an average interference power constraint given as
E(Ip) ≤ Ilim, where E(Ip) can be calculated from (15). To
reveal more insight into the impact of ρcr on ΔCmax, we will
study ΔCmax as a function of ρcr. As shown in Fig. 6, we
find that ΔC is a monotonically increasing function on P .
This suggests that the maximum capacity is achieved if the
maximum allowable power P is used. Therefore, we can take
the equality in the average interference constraint and compute
P from other parameters based on (15). The new optimization
problem under the average interference power constraint can
then be stated as follows: Given λp, λc, λl, ρbs, I0, G, and Ilim,
find

ΔCmax(ρcr) = max
L,R

ΔC(L,R, P, ρcr)

s.t. P =
(α − 2)Ilim

2πL2−αλv
L > 0 R > 0 ρcr > 0. (34)

With ρcr = 15 dB, in Fig. 7, we illustrate ΔC as a function
of R and L. It is observed that ΔC(R,L) forms a concave
surface. Although a strict proof on the concavity of ΔC on
(R,L) is difficult, through simulations, we have found that
the concavity is preserved in all cases with practical parameter
values. Therefore, (34) can be solved as a concave optimization
problem, and standard convex searching algorithms [28] can be
used to find the maximum capacity ΔCmax.

IV. NUMERICAL RESULTS AND DISCUSSIONS

This section aims to numerically evaluate the system capac-
ity of the proposed cooperative hybrid CR networks. Specif-
ically, we consider a cellular network [e.g., Universal Mobile
Telecommunications System (UMTS)] as the licensed network
that aims to expand its capacity by immigrating to a hybrid
CR network. The secondary band is acquired from the FMC
spectrum. FMC systems (e.g., fixed WiMax) are characterized

Fig. 8. Maximum increased system capacity ΔCmax as a function of the
primary user density λp with different values of ρcr (α = 3, Mr = 8, λc =
10−2 users/m2, λl = 10−3 users/m2, ρbs = 8 dB, I0 = 1, G = 20 dB, and
Ilim = 1).

by highly directive transmissions that, intuitively, present op-
portunities for secondary networks to share their spectrum [29].
It is interesting to note that interweave CR networks may not
be able to properly operate in these bands because the directive
primary transmissions are difficult to be detected. Therefore, in-
terweave CR networks can easily cause harmful interference to
hidden primary receivers. On the contrary, overlay CR networks
can still exploit the FMC bands by directly focusing on the
primary receivers. In this paper, an average interference power
constraint is assumed to protect the FMC receivers. The perfor-
mance gain of deploying the hybrid CR network is measured by
the maximum increased system capacity ΔCmax(ρcr) given by
(34). Unless otherwise stated, we assume α = 3, Mr = 8, λp =
10−4 users/m2, λl = 10−3 users/m2, λc = 10−2 users/km2,
ρbs = 8 dB, I0 = 1, Ilim = 1, and G = 20 dB. All power
values are normalized to the noise power in the secondary
band. The increased capacity of the cooperative hybrid CR
network over the traditional licensed network will be evaluated
at discrete values of ρcr (5–30 dB with 5-dB increments) and
presented in the unit of b/s/Hz/km2.

Fig. 8 shows the impact of the primary user density λp on
the increased capacity ΔCmax(ρcr). It is observed that even a
ten times increase of λp only results in insignificant reductions
of the capacity results. In Fig. 9, ΔCmax(ρcr) is shown as
a function of I0, which represents the interference from the
primary (FMC) system to the distributed VAA network. Similar
to Fig. 8, the capacity results are only slightly reduced when I0

increases ten times. Figs. 8 and 9 demonstrate that the capacity
improvement of a cooperative hybrid CR network is insensitive
to the characteristics of the primary network. This immunity to
the primary system represents a fundamental advantage of the
cooperative hybrid CR network over the noncooperative hybrid
CR network, whose capacity improvement (i.e., the capacity
of pure CR network) can greatly fluctuate with small changes
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Fig. 9. Maximum increased system capacity ΔCmax as a function of
I0 with different values of ρcr (α = 3, Mr = 8, λp = 10−4 users/m2,
λc = 10−2 users/m2, λl = 10−3 users/m2, ρbs = 8 dB, G = 20 dB, and
Ilim = 1).

in the primary system [10]–[13]. For example, in [11], it was
found that the capacity is reduced by a factor of 100 when λp

is increased by a factor of 10. Moreover, in cooperative hybrid
CR networks, the capacity improvement is not affected by the
cell radius (communication range). This is because the VAAs
usually have enough power allowance in the licensed band
to compensate for the propagation loss and maintain a fixed
SINR ρbs at the BS (as in a UMTS system). On the contrary,
in noncooperative networks, the capacity improvement quickly
diminishes with the increasing cell radius [10], [11].

In Fig. 10, ΔCmax(ρcr) is computed as a function of the CR
user density λc. The impact of λc on ΔCmax(ρcr) is shown to
be significant. The highest capacity is given by ρcr = 15 dB,
where a nearly linear relationship is observed between λc and
ΔCmax(ρcr). This result suggests that the hybrid CR network
with distributed VAAs is best deployed in urban areas where
the user density is sufficiently high. This conclusion agrees with
our previous study in [6].

Finally, Fig. 11 shows ΔCmax(ρcr) as a function of the
spreading gain G. It is observed that a high spreading gain
can effectively enhance the system capacity. We note that
the spreading gain is roughly proportional to the bandwidth
of the secondary band. A high spreading gain is feasible in
practice since the secondary band usually has a wide band-
width. For example, if the licensed UMTS band with a 5-MHz
bandwidth is shared by 20 users and the secondary band has
a 25-MHz bandwidth, the processing gain can roughly be
estimated as G = 25/5 × 20 = 100 = 20 dB. Compared with
other multiuser schemes, such as the FDMA studied in [6], the
CDMA scheme provides a clear benefit since it can naturally
turn the wideband advantage of the secondary band into a
SINR gain in the VAA signaling scheme to achieve better
system performance. From another perspective, Fig. 11 also
indicates the advantage of the cooperative hybrid CR network

Fig. 10. Maximum increased system capacity ΔCmax as a function of the
CR user density λc with different values of ρcr (α = 3, Mr = 8, λp =
10−4 users/m2, λl = 10−3 users/m2, ρbs = 8 dB, I0 = 1, G = 20 dB, and
Ilim = 1).

Fig. 11. Maximum increased system capacity ΔCmax as a function of
the processing gain G with different values of ρcr (α = 3, Mr = 8, λp =
10−4 users/m2, λc = 10−2 users/m2, λl = 10−3 users/m2, ρbs = 8 dB,
I0 = 1, and Ilim = 1).

over conventional cooperative licensed networks, which use a
fraction of the licensed spectrum to enable cooperation. Clearly,
conventional cooperative licensed networks can only have a
small spreading gain. In addition, it is usually difficult to
guarantee that the advantages of cooperative communications
outweigh the disadvantages of wasting a fraction of the licensed
bandwidth to enable cooperation.

For comparison purposes, we note that the system capacity
of the licensed cellular network with the default parameter
values is given by λlC̄L(1) = 5160 b/s/Hz/km2. In Figs. 8–10,
the highest capacity improvements are shown to be almost
equal to the capacity of the original licensed cellular system.
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We note that this capacity improvement is obtained under
the assumption of using only one secondary band and a very
tight interference constraint Ilim = 1, which limits the average
interference power received at the primary receiver to be at the
same level of the background noise. When multiple secondary
bands are available or the interference constraint is not so tight,
the proposed cooperative hybrid CR network can achieve even
higher capacity improvements, making it a promising solution
for future wireless communication networks.

V. CONCLUSION

We have proposed a cooperative hybrid CR network that
simultaneously operates on a dedicated licensed band and a
secondary band. It has been assumed that randomly located CR
users can cooperate in the secondary band to form distributed
VAAs, which are then used to facilitate communications in the
licensed band utilizing virtual MIMO technologies. We have
first presented a novel VAA signaling scheme that employs
power control to prevent harmful noise propagation. The result-
ing virtual MIMO link capacity has been derived as a function
of the received SINRs in the secondary and licensed bands.
Extending to the multiuser case, we have subsequently analyzed
the system capacity, taking into account multiple factors, such
as the primary user density, CR user density, primary exclusion
region radius, VAA radius, etc. The maximum system capacity
has been formulated as an optimization problem and solved
under an average interference power constraint. Numerical
results have indicated that the proposed cooperative hybrid
CR network can achieve a promising capacity improvement
when high CR user densities and a wide secondary bandwidth
are available. More importantly, this capacity improvement is
insensitive to the primary user density and interference power
from the primary network. We conclude that the proposed co-
operative hybrid CR network is a promising alternative to con-
ventional pure CR networks to be deployed in urban scenarios.

APPENDIX

DERIVATION OF (31)

The total power PN can be written as the sum of the power
allocated to each cooperating user, i.e.,

PN =
N∑

n=1

Pn (35)

where Pn denotes the power allocated to the nth user. For
simplicity, we consider only the path loss in the propagation
channels from the target CR user to cooperating users. This
assumption can be justified for the following two reasons:
1) The VAA is assumed to be “local,” and therefore, shadowing
is expected to have a small impact on the channel gain varia-
tions; and 2) a wideband CDMA signaling scheme is assumed
so that the small-scale fading effect is averaged over the wide
bandwidth. The minimum SINR requirement at a cooperating
user can be expressed as

GPn(dn)−α

(PN − Pn)d−α
n + Is + I0

≥ ρcr, (n = 1, 2, . . . , N) (36)

where G is the CDMA processing gain (spreading gain), dn is
the distance from the nth cooperating user to the target user, α
is the path loss exponent, Is is the mutual interference from
other VAAs, and I0 is background interference. The mutual
interference term Is is assumed to be the same at all cooperating
users in a VAA. This assumption is reasonable because a VAA
operates in a local area. The term (PN − Pn)d−α

n in (36)
represents multiuser interference within a VAA. From (35) and
(36), we get

FPN |dN≤R(P ) = P(PN ≤ P )

= P(Is0DN ≤ 1 + G/ρcr − N) (37)

where the operator P(x) returns the probability that statement
x is true, Is0 = (Is + I0)/P , and DN =

∑N
n=1(dn)α. Our

focus is now on obtaining the cdf’s of the two independent
random variables Is0 and DN in (37). Since I0 and P are
constants, Is0 is a shifted and scaled version of another random
variable Is. Therefore, similar to Is (see Section III-B), the cdf
of Is0 can also be approximated by lognormal or Nakagami
distributions. The mean and variance of Is0 required to perform
such approximations are given by

ms0 =
2πλv

α − 2
L2−α + I0/P (38)

vs0 =
πλv

α − 1
L2−2α (39)

respectively. Now, consider the second random variable DN in
(37). For N = 2, the cdf of DN can easily be derived in a closed
form, which is given by

FD1(x) =
1 − e−λcπxα/2

1 − e−λcπR2 (0 ≤ x ≤ Rα). (40)

For N ≥ 3, closed-from expressions for the cdf’s are not
available, but we can derive the moment-generating function
(MGF) φDN

(s) of DN . Since the cooperating CR users are
distributed in a Poisson field with density λc, gn = (dn)2, gn

forms a Poisson process with rate λcπ [26]. The MGF of DN is
given by

φDN
(s) = E

{
esDN

}
= E

{
es(gN )α/2

es
∑N−1

n=1
(gn)α/2

}

= EgN

{
esxα/2

E

[
es
∑N−1

n=1
(gn)α/2

|gN=x

]}
. (41)

In (41), the first expectation EgN
{·} is taken over gN , and the

second expectation is taken over gn (1 ≤ n ≤ N − 1) condi-
tioned on that gN = x. Based on the properties of the Poisson
process [26], it is straightforward to obtain the pdf of gN as

fgN
(x) =

(λcπ)NxN−1e−λcπx

(N − 1)!FEr(R2;λcπ,N)
, (0 ≤ x ≤ R2). (42)
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Moreover, given gN = x, gn become independent random vari-
ables uniformly distributed from 0 to x. We can now evaluate
the two expectations in (41) to give

φDN
(s) =

R2∫
0

fgN
(x)esxα/2

⎡
⎣ x∫

0

1
x

esyα/2
dy

⎤
⎦

N−1

dx. (43)

Substituting (42) into (43), after some simplifications, we
can get

φDN
(s) =

(λcπ)N

(N − 1)!FEr(R2;N,πλc)

R2∫
0

e−λcπx+sxα/2

×

⎡
⎣ x∫

0

esyα/2
dy

⎤
⎦

N−1

dx (44)

where FEr(·) is the Erlang cdf function given by (29). From
(44), numerical inversion methods can be used to calculate the
pdf of DN with a high computational intensity.

Inspired by the interference approximation in Section III-B,
we would like to see if certain approximations can also be made
for the cdf of DN . From (44), it is straightforward to obtain the
corresponding first and second derivatives φ′

DN
(s) and φ′′

DN
(s)

of the MGF. Let s = 0 in φ′
DN

(s) and φ′′
DN

(s), we can obtain
the first and second moments of DN as

mD =
(

1 +
2N − 2
2 + afa

)
(λcπ)−α/2

(N − 1)!FEr(R2;N,λcπ)
× γ(λcπR2, N + α/2) (45)

m2D = KD
(λcπ)−α

(N − 1)!FEr(R2;N,λcπ)
γ(λcπR2, N + α)

(46)

respectively, where KD is a constant given by

KD = 1 +
4(N − 1)

2 + α
+

4(N − 1)(N − 2)
(2 + α)2

+
N − 1
1 + α

. (47)

From (45) and (46), the variance of DN can be obtained as
vD = m2D − (mD)2. Numerical inversions have shown that
the pdf of DN is skewed to the left. Therefore, lognormal and
gamma distributions are used to approximate the cdf of DN .
Fig. 12 shows the approximation results with N ranging from 2
to 8. It is observed that the gamma distribution closely matches
to the cdf’s obtained from numerical methods, whereas the
lognormal distribution is less accurate but still yields acceptable
performance.

From (38)–(47), we have established that the cdf’s of Is0

and DN can reasonably be approximated by gamma or lognor-
mal distributions. We can now return to (37) to calculate the
probability P(Is0DN ≤ 1 + G/ρcr − N). The gamma approx-
imation can give better accuracy, whereas the lognormal ap-
proximation can give a desirable closed-form formula with
slightly reduced accuracy. For analytical convenience, the log-
normal approximation will be used in our subsequent analysis.
Let us denote the approximated lognormal cdf’s for Is0 and

Fig. 12. Cdf’s of the random variable DN with different values of the VAA
antenna number N (α = 3, λc = 10−2 users/m2, and R = 20 m).

DN by FLN(x;μs0, σs0) and FLN(x;μD, σD), respectively,
where the parameters μs0, σs0, μD, and σD can be calculated
using (18) and (19) with corresponding mean and variance
values given by (38)–(46). It follows that the cdf of the prod-
uct Is0DN also has a lognormal approximation FLN(x;μs0 +
μD,

√
σ2

s0 + σ2
D). Applying the lognormal cdf function given

by (17) to the last expression in (37) gives the conditional cdf
in (31).
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