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e LTIsand DFT

Discrete Fourier Transform

Relation between DFT and Fourier Transform

Effects of various parameters on DFT

Summary
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e Used for spectra analysis

» Coreto filtering (Convolution theorem)
e Coreto signal modeling

» TheBasictool of digital signal processing
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Eigenfunctions of LTIs? ]
eigenvalue

X h(t) Y= x(0)

Are
x(n)=e™, -co<n<o
As:
=h * :mhk _k:mhk jw(n-k)
y(n) =h(n)*x(n) k; ()x(n=k) =% h(k)e

KE=o

=e™ % h(kje ™ =e"H(e™) = Ae™"
=

H(e™) = i h(k)e Discrete Time Fourier Transform
K==%
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Reminder
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periodic spectra| ’ Discrete spectrum ‘
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Original Signal
(Sum of Sinusoidal Components)

Individual Pure Sinusoidal
Components
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Discrete Fourier series

Give representation for periodic signals
T/2

x(t) = ix(n)e"‘”WDt where X(n):% Jx(t)e(""WDt)dt

12
w, =21/ T where T is the period of the periodic signal

="

Real signal:

Non periodic, finite length. We cannot use Fourier Series!

g a non-periodic finite sequence can be considered as one period of aperiodic
infinite sequence!
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Example X,(N+kN)=x(n), 0sn<N-1, -co<k<oo
A nonperi- Xp{m)
odic sequence x(n) and a 1 Period
periodic sequence x.{n) ‘l N=8

x{m

(b)

X,(n), 0sn<N-1

x(n) =
" HO elsewhere
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Discrete Fourier Transform:

Discrete Fourier Series of the periodised signal x,(n)
Use only one period of the resulting sequence for x(n)

Definition of the DFT

X(k) = NZ_txp(n) . nﬁ,

X(k)=§x(n) e .

kn
Pradd

x(n)=$Z’X(k) e ",

0<n<N-1

0<k<N-1

0<k<N-1

Inverse DFT

Discrete Fourier Transform
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Example

Sequences x(n)

Xp(n)

used in Example 3
2[
1
lo

(a) Finite length sequence

Cdculate the DFT

i

(b) Periodic extension of finite length sequence

Discrete Fourier Transform
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Discrete Time Fourier Transform Discrete Fourier Transform
" N-1 =jn6 - -j(ﬂ)n
n= £
21k
e >
N
mmm Unit circle for the evaluation of X(e%)

form and the DFT of a finite

sequence for N =6 XeM = x(@) Point where X(e®) = X(1)

X(e®) = X(3) Point where X (/%) = X(0)

l Xe™ = x(5)

X(e™) = x4)
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0 N-1
X (K) = x(t) z O(t-kT,) = Z) x(KT,) Tsisthe sampling frequency
k=—0c0 =

N-1 2TC . . .

_ - nk Af isthe frequency spacing (resolution)
X(kAf) = Z X(nT) e ™ of the DFT coefficients
n=

1Nt JEL
X(nT) = z X(kaf) e
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Example: x(t) = Acos(200nt) + B cos(600Tt)

Sampled at 1kHz.

Find the period of the resulting sequence x(nT), i.e. N

DFT co- X ()| = IX(kan]
efficients for Example

Find the frequency resolution wl I ‘ 55]

-4 -3 2 -1 0 1

2 4
—400 —300 -200 -100 0 100 200 400

ola o

(@)
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Frequency resolution: A=t =1
TO
T, : signal duration

Z |

If x(nT) is made of frequency components spaced by less than Af Hertz, the DFT
will NOT represent them

sticents for Gl PN Same example butk=0,1,...,9

[ 57 SBI ] Notice folding around k = 5 = fs/2

o 1 2 3 4 5 6 7 8 9 K
0 100 200 300 400 500 ~400-300 ~200-100

®)
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An analogue signal of 200ms length is sampled at 2.5 kHz.

What is the maximum frequency present is aliasing is to be avoided?

What is the frequency resolution of the DFT?

What analogue frequencies are represented by the DFT?
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Solution: An analogue signal of 200ms length is sampled at 2.5 kHz.

What is the maximum frequency present is aliasing isto be avoided?

Nyquist: max frequency = f§/2 = 1.25kHz

What is the frequency resolution of the DFT?

What anal ogue frequencies are represented by the DFT?

0,5,10,15,..., 1250, -1245, ..., -5 Hz

Discrete Fourier Transform 3.16




Hold N constant with two sampling periods T, T,=2 T,.

Effect?
1 1 1 1 1 Af
Afa:_:_, Afb:_:_:—: a
T, NT, T, NT, 2NT, 2
J . et (500
| ’ RS
i S—p— L
Ih The e Chme
o Tﬂ
_LW
et 2R ————— L
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(a) Periodic sequence

Xp (k)

..;__N_gl_ ey

(b) Periodic discrete-frequency spectrum

Discrete Fourier Transform 3.19

Ts=0.01s

N 0 1 2 3 4 5
x(n) 5 -1.5 6.5 -3 6.5 -1.5
Frequency content of the sequence? gt S5

analog signal

-1k

X(k) = 2x(n) e

Frequency resolution? FIGURE 728 DFT con m
cients of the sequence Xtk)
12
2 4 &
01 413 3 —Ia 5
L
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Linearity:
. 2T
-i(5nk

DFT[axl(n)+bx2(n)]:Ni[axl(n)+bx2(n)] e | =aX,(k)+bX,(K)

Symmetry

iIf x(n) is asequence of real numbers:

Re[X(K)| =Re[X(N-K)] k=1,2,..

Im[X(k)] = -Im[X(N-k)], k=1,2,.. T’ N odd

IX(K)| = [X(N-K)
OX(k) = ~OX(N -k)
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Circular shift

Circutar
shifting

xa(m)

{aslon..

(a) A finite length sequence (b) Periodic extension

x50 = rn m ‘ P B 1][ xz;n) [
lo Tl ln I N-1
Mmmmw (d) Circularly shifted finite sequence
=2 =1
] 2
4 2
2 - s
5 4
{e) x1(n) arranged on a oircie mcbun-mmm ) = ( @m)

where m = 1 ananged on

Discrete Fourier Transform 3.22
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Circular shift

X,(n) =X, (n+m)

X, (K) = X, (K)e N

Demonstration

X,(N) =X, (n+m) =x,(n)*3(n+m)

X, (K) = X, (K)e N

Direct demonstration |eft as an exercise

Discrete Fourier Transform 323

Alternate IDFT
1Nt JZ’Tkﬁn
x(n)==3Y X(K) e , 0<n<N-1
=35> XK
Ly e 0
1 . N
- D
x(n) N %x ke g
O
Duality PARSEVAL THEOREM
x(n) o X(k)
L) x(-k)  Why =2 iIX(n) F=2 ilx(k)l2
N N n=-oo N k=—co
Discrete Fourier Transform 3.24
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Example:  y(n)=cos(2nn/N), n=0,1,...,N-1
X(n) =0 elsewhere

Complete the relationship using the duality principle:

x(n) =cos(2mn/N) ~ X(k) =7

%xm) =2 o x(K)=?

Discrete Fourier Transform 325

Example: x(n) =cos(2nn/N), n=0,1,...,N-1
x(n) =0 elsewhere

‘.HT, ., R

[CEUE S R R
fayata) = oo 22 -k} = iy

Discrete Fourier Transform 3.26
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* Remember: Filtering is alinear convolution!

c(n) =x,(n) Ox,(n) = z X,(M)x,(h—m)  Discrete Linear convolution

m=—co

* Infinite signals uncommon!

» Can we do the same with finite, periodic signals?

Discrete Fourier Transform 327

Linear Convolution

c(n) =x,(n) Ox,(n) = Z X,(m)X,(n—m) Linear convolution
m=-oco
Periodic Convolution L
Xap(K) = X055 (K) = 5 5 (1) Xy () €
. _kn n=om=

1 N-1 e R -iEm

Xy (K) = N% X,(n) e Xsp(K) = 3 x3p() €
v N ()= X,y M)y -m)

_1c N X3,(N) =% Xy, (M)Xy, (N—M
X093 X € o= 2 e,
Xap (K) = Xy (K) X 5 () Periodic convolution

Periodic Convolution: Same as linear convolution but over one period

Discrete Fourier Transform 3.28
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Periodic Convolution

N-1 DFT
Xgp(N) = belp(m)xzp(n -m) < Xz (K) = X4 (K) X5 (K)

Example: Find the periodic convolution of sequence below

MARIRIN I AE51

S
g o e e
ey
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Fina result:

Result of X3p(n)
periodic convolution 139 13 136 13 13 13

A bit tedious?

Discrete Fourier Transform 3.30
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Other solution:
Set-up for X1p(8) 2
periodic convolution 2 X2p(—10)
3 3
1 1
(a) Values of x,(¢) (b) Values of xz,(-1)
—counter clockwise on inner ring— clockwise
2 ¥l =) o xzpl2 ~ 1)
3 3
1 1
(€} x2p(1 —¢) on inner ring {d) X2p(2 — ¢) on inner ring
Discrete Fourier Transform 331

Summary:

Periodic convolution of two sequences can be obtained by:

* Remaining in the time domain and using the convolution sum
directly.

* Moving into the frequency domain using the following scheme:

le(n)
Xap(M= X15(M)* X5(N)

X2p(n)

Discrete Fourier Transform 3.32
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New Problem:

Can we perform linear convolution with finite length signals using
DFTs?

If we use DFT, we are dealing with sampled spectrum which implies ...
periodic signals!

Why not use the sum definition and forget about DFTs?

Discrete Fourier Transform 333

A Parte:
Number Direct DFT Radix 2 FFT Direct Sum and adds
of points convolution
Complex Complex Complex Complex [ Complex | Complex
multiplies additions | multiplies | additions | multiplies | additions
N N? N%N (NI2) Nlog2(N) 2N? N?
log2(N)
4 16 12 4 8 32 16
16 256 240 32 64 512 256
64 4096 4032 192 384 8192 4096
256 65536 65280 1024 2048 131072 65536
1024 1048576 1047552 5120 10240 2097152 | 1048576
DFTsin FFTsform are good for youl!
Discrete Fourier Transform 334
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Definition:

Consider x,(n) and x,(n) and x,,(n) and x,,(n) their periodic equivalent.

X, () = Nj:xl,,(m)xz,,(n—m)

=5 XM, 0-mT =@ )
= ne period

Xgp(K) = Xy, (K) X35 (K)

Circular convolution

X3(N)=x3(N)* X,(N)

Discrete Fourier Transform

3.35

Isit what we want?
Different values
Different length

Linear convolution:
N1+N2-1 length

Circular convolution:

max(N1,N2).

(a) Two finite sequences

xglr) = x1(n) © xz(n)
13¢ 13
10

n
(b) Circular convolution

x3'(n) = xq(n) + xa(n)
12
9 10

4
1
01 2 3 4

{c) Linear convolution

Discrete Fourier Transform

3.36
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Solution?
Forcing linear and Circular K
Convolution to be equivalent | 3 3
?| gl
1 1
"R B
o)
3 3
H 2
1 bl
1 [ 1o
[ ]
) TG pancdSe Sacquiricns
£
i#
]
a4
1 n
1 2 3 4
[lh The pasuik of B-poind circular comeiton
Discrete Fourier Transform 337

Use duality properties

X1 (M) EX5(N) < X, (k)X (K)
X; (X, (n) ﬁxl(k) [X, (k)

Discrete Fourier Transform 3.38
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* Measure of similarity

» Target detection & classification

* Noisergection

» Signa Modeling

» Related to the Power Spectral Density (PSD)

Related to statistical description of signals (noise)

Discrete Fourier Transform 3.39

Same as convolution but with no time reversal.

R, (N) =x,(n) Ox,(n) = Z X, (M)x, (n+m) Crosscorrel ation
m=—-o
Rxlxl(n) = Xl(n) U Xl(n) = Z xl(m)xl(n +m) Autocorrelation
m=—o0
Discrete Fourier Transform 3.40
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Example

Tz - xin)
QUENGES
0
Tap=t W1 2 % 4 B
a2t
1 |
o4
3
[1
1
& L T 4 T
2 -1 o 2 3 4 B
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Lt shift s+ m), p >0 {drawn for p = 2)
[ = 0) aned right. shill

o0} 5
4
i
&
£

-2 -1 N B 1

‘aglp + m), p<0 (drewn far p= =2

| I 1114

Fesult of A 0)
cafralation of x i} and
A 1591
12 14’
1 0
& ]
3 T I [ I I’T 1t -
-6 -5 -4 -3 -2 -1 W1 2 3 4 &
Discrete Fourier Transform 3.42
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Properties

R X1Xq (n) =R X1Xq (_n)

Rxlxz (n) = szx1 (_n)

Ry, (P) = X, (n) DX, (-n)
Ry, (P) = X, (=) [x, (n)

Convolution

Discrete Fourier Transform

Autocorrelation is always even

Cross correlation case

3.43

Circular correlation:

- -1 0 N-1
R (0= 5 (M) g =
= ne period

Example

x1(n) = xa(n)

3
2
1
o1 2 &
(a) Two identical sequences

ﬁx,xz(P)
14
e 11

o1 2 °
(¢) Result of circular correlation

Discrete Fourier Transform

le(m)xz(n +m)

m=!
2,

@ 3

1

(b) Concentric rings for p = 0

Rx‘xi(D)

=2 = 0o 1 2 R

(d) Result of linear correlation

344
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Can we perform circular correlation with DFTs ?

~ -1 O
Ry, (M) = ixm (M)X,, (n+ m)a =x,(n) O x,(n)| Circular correlation
= ne period

DFT[R, ., (0] = X (k)X (K)

x(r) _
(X) IDFT *R,..(n)

%,(N) DFT*

Discrete Fourier Transform

x'(n) = %2 (n)

Example  xy(n) = xz(n)
3 3
2 2
1 1
(T o1 2 3 4

(a) The original sequences (b) The padded sequences
1 2 Axix(p)
14
0 4 3¢ 3 .
(c) Concentric rings for p = 0 (d) Result of circular correlation

)]

14, 14
s] i 3181 ‘] i BI h . S

-4 -3 -2 -1 o 1 5 8
(e) Periodic

Discrete Fourier Transform
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0.6 0
0.4]
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20
0
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0.2
v M A
-0.4 A Vv
0.6 10
0.8 -20
2 ,
0 50 100 150 200 250 300 [ 100 200 300 400 500 600
autoc lati
4
3 50
2 40
1 30
o l 20
-1 ” 10
o
2
-10
-3
-20
-4
[ 50 100 150 200 250 300
noisy signal (0db SNR) S — o 100 200 300 400 500 600
. . cross-correlation
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Discrete Fourier Transform, definition and properties

DFT analysis

Influence of parameters on frequency estimation

Discrete convolution: linear / circular

Discrete correlation: linear / circular

Discrete Fourier Transform 3.48
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