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IIR and FIR Filters

* |IR Filters:

» Steep cut-off filter designs
» Phase response is far from linear

 FIR Filters:

» Phase response can be linear

» Do not require high coefficient accuracy
» Unconditionally stable

» Less steep cut-off designs

» More multiplies/adds required



Linear vs Nonlinear Phase Filtering
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add the various frequency nonlinear phase filtering misaligns
responses to obtain the input  the frequency responses of the output
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Rectangular Pulse Responses
* Linear (Red) and Non-linear (Blue) phase:

Fig 6.4b




When 1s Linear Phase Needed?

* Needed for reception with minimal distortion

» Digital communications
» Image processing
» Audio signals



FIR Filter Operation

 Mathematical Equation
* Block Diagram

1

y(m) = 3 ax(n-i)

l

Fig 6.1

» y(n) is convolution of {x(n)} and {a;}
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FIR Transfer Function

« z-transform of equation:

N-1

Y(z) = | aX(z)z" = X(Z)Z az”

1=

* Hence the transfer function is:
Y(z) N

_1 .
= Yaz"
0

X(z) 4

1=

H(z)=




Poles and Zeros

» Multiply H(z) by (zZN-7/ ZN-7) yields:

N-1 N-1 N N

-1 2 0
H(z) = N-1 d;z = N—-1
= Z,-_

Z

* H(z) has N-1 zeros and N-1 poles

 All poles lie on the origin of z-plane
» All FIR filters are unconditionally stable
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FIR Filter Phase Response

- Consider FIR Filter: H,(z)=1+z"/2
» Zero inside unit circle z = -1/2
» Frequency response: 1+ exp(-jwAt)/2

* Now consider: H,(z)=1/2+z""

» Zero now reflected in unit circle, z = -2
» Frequency response: 1/2 +exp(— jwAt)
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Minimum Phase Filters

» Comparing H, and H,
» Magnitude of H, same as H, for all
» But, phase shift of H, is bigger than H,
» H,has a bigger group delay

* Minimum phase/group delay solution:
» Reflect zeros into unit circle
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/-Plane Plot of Filters

Non-minimum
Phase Filter H FIR Pole

Minimum
Phase Filter H
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FIR Filter Frequency Response

« To obtain H(w) replace z by exp(jwAtl):

N-—
H(w) =" a, exp(-jnwAt)

n=0

[E

- For any set of weights {a;}, this equation gives H(w)

« This equation is a Fourier series expansion of H(w)
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Fourier Series Coefficients

* H(w) Iis periodic, with period 2n/At

 Obtain

Fig 6.2

At 27 / At
f H (w)exp( ]nooAt)doo




Linear Phase FIR Filters

 If H(w) is linear, can write:

H(w)= H (o) X exp(— jowAt)
Real amplitude Phase

« Key Properties of Filter:
» Phase is linear function of w

» Delay of aAt seconds at frequency
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» Designing for linear phase:

oo

H, (o) = z c, exp(—jnwAt)

Nn=—0C0

= E c, cos(nwAt) —jc, sin(nwAt)
* Even symmetry removes imaginary part
» SO C,=C_,

» Which yields: H ,(0)= Ec cos(nwAt)

N=—00

 Now have a real amplitude function
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Linear Phase Filters [Cont]

« H,(w) is an even function of w

* |n reality, use only 2M+1 taps:
74

H , (z)= E cz"

n=—M

» Filter is non causal since the left side cannot be
removed without removing the right side

» Non causal filters use samples from the future!

Fig 6.3
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* Filter still not causal!

* Must use delay of
o=M samples:

H(z)=z"H ,(z)

174

_ E CnZ—(n+M)

n=-—M

Fig 6.3

18



Linear FIR Summary

* In terms of original equation:

Hw)= H,(w) x exp(-jowAt)
Amplitude Phase

« Amplitude: Even symmetry ¢, =c_,
« Phase: Delay o=M samples
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Linear Phase Filter Design

« Already seen that H(w) is Fourier series
of filter coefficients c,

* So design an FIR filter as follows:
» Specify our ideal filter H(w)
» Calculate 2M+1 Fourier coefficients {c }

» Obtain Fourier Series approx of ideal H(w)
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Obtaining Linear Phase Coefficients

* Use Fourier series equation:

At 21 / At
c, = = f H (w)exp( jnwAt)dow

At 21 / At At 21 / At
f H(w)cos(nwAt)dw + ] e f H (w)sin(nwAt)dw

« ¢, must be real so ignore sine term
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« H(w) is symmetric about ni/At, so:

At 27/ At Atﬂ:/At
f H(w)cos(nwAt)dw =— f H (w)cos(nwAt)dw

Coefficients ¢, are symmetric, i.e ¢,=c_,

So only need evaluate n=0..M for c_,..c,,

Actual frequency response H,(w) is:

M M
H,(w)= E c, cos(nwAt) =c, + 22 c, cos(nwAt)
n=—M n=1
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Design Example

Q: Design low pass FIR Filter for 1 kHz
sample rate system, with gain 1 and a
cutoff frequency of 125 Hz

Notice that:
2
(DS _ 125 0 ) 0)

27 X 8
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Use Fourier series equation to obtain filter

At 7t/ At
c, =— f H(w)cos(nwAt)dw

& flxcos(Zme /o )dw

S0, /8

At ®, . (2nnw )]
sin +
T 2mn 70

sin(rin/4)  sinc(n/4)

= ——3S1N

1 . (2wno,
o

S—a|eo|— 8

1
— X —
30, 4  ©n/4 4
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Now for a 2M+1=21 tap filter:
c, = 0.250,¢, =0.225,...,¢,, = 0.0318

And to obtain filter coefficents use:
a, =d,, =¢, =0.0318
a, =d,, =cy, =0.025
a, =a,, =c¢ =0.225
a,, =c, =0.250
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Filter:

Coefficients:
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FIR Filters: Summary

 Linear vs Non-linear Phase Filters
* Frequency/Phase response of FIR filters

* Linear Phase FIR Design Example
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Signal Processing -- Overview

* We have an unknown system A

?
Input S . mmp Output
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Signal Processing -- Overview

Use simple input functions (e.g. sines and
cosines)

Analyze simplest class of systems, i.e.,
linear systems

Linear systems can be described by linear
ordinary differential equations (ODEs)

Linear ODEs can be solved by Fourier and
Laplace analysis
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Background Review

Fourier Series
Complex phasors
Complex Fourier series

Bonus: Dirac’s delta
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Fourier Series

« Applies to finite-power periodic signals (period T) wg = —

2(t) = ao/2+ Y  an cos(nwot) + by, sin(nwot)

n=1
2 (% D .
T/_Zx(t) cos(mwot)dt = $J/_£n;,;w;\mmnt)dt
2 5 o T
= Z/_z an, cos(nwot) cos(mwgt)dt
n=1 2
T
T y J/_l hos Lol Crcos(muwot ) di
2

S
I
[y
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Complex Phasors

- Complex phasor:  Ae?%o?

 Euler’s identity: e1? = cosh + 7810

* Expansion of the complex phasor

Ae?™ot = A cos(wot) + jA sin(wot)

32



Complex Phasors

* Real and imaginary parts

AeIwot A cos(wot) + jAsin(wgt)
R(AeI™ot) 4 jT(Ael™ot)

Imaginary

PR B \ wO
P ~
P ~
4 N\
4 .
4 \
\

real
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Complex Fourier Series

* Applies to finite-power periodic functions

x(t) Z X, eImwot

= Z X, (cos(nwot) + 7 sin(nwot))

« Maps periodic functions onto discrete numbers
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Dirac’s Delta

* It is the identity operator
* In the continuum:

o(t) = / 5(t — w)r(u)du

* |n the discrete domain:

z(n) =) &(n—i)a(i)
o(n) =1 iff n= :



