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Summary of The FFT

 The FFT is a computationally efficient
Implementation of the DFT

* The idea is to subdivide an N-point
DFT into lots of butterfly operations

* Note that the FFT and DFT yield the
SAME transform output
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Subdividing the DFT

« Can write the DFT equation as:

N-1

X (k) = E x(n)Ww

n=

20

N-1

= x(n)W”k + x(n)W "
EO i

n even n odd

* Now we make two substitutions:

S
I
()

m=n/2(evenn), m=(n-1)/2(odd n)



* So the DFT equation becomes:

(N/2)-1 (N/2)-1
X (k) = E x2m)W "™ + 2 xX(2m + D)W 2Dk

m=0 m=0
(N/2)-1 (N/2)-1

= 2 xQmW"™ + W 2 x2m + W™

m=0 m=0

= X, (k) + Wy X, (k)

« X, (k) 1s the (N/2) point DFT of even x(n)
« X,(k) is the (N/2) point DFT of odd x(n)

4



DFT Subdivision
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Subdividing the DFT Again

x(())

N/4-point

NN4J DFT
x(2)

: N/4-point

X(N-2) | DFT

TmzZ—m 200N

x(1)

: N/4-point
x(N-3) DFT
x(3)

: N/4-point
x(N-1) | DFT

DMz —Z OO

DmzZ—~xmZ00




DFT Simplification

 If N is power of 2, can simplify DFT to:
» N/2 separate 2-point DFTs

» Followed by [log,(N)-1] combining stages

» So for the N=8 example, we have four
2-point DF Ts and two combining stages
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The 2-point DFT

* The 2-point DFT may be written as:

X)) [m wyl[x0)] [t 17][x(0)
[X(l)} _W20 W;_ x(l)}_[l —1Hx(1)}

« X(0) & X(1) are sum and difference of x
(0) and x(1)

* No multiplies needed for 2-point DFT!
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 First stage of simplified DFT requires
only additions/subtractions

* The 2-point DFT Is also called the
Butterfly Operation:

X (0) = x(0)+ x(1)

Fig
X ()= x(0)-x(1) WA




Last Combining Stage

* The first simplified DFT was

X (k)= X,(k)+ Wy X, (k)

« X, (k) and X,(k) have period N/2, so:
X (k=X (k+(N/2))and X, (k)= X,(k+(N/2))

« Also can write W,/f=-W,/*(N/2)
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e SO we can now write:

X (k)= Xl(k)*'Wz\l;Xz(k)
X(k+[N/2])= Xl(k)_Wz\l;Xz(k)

 Output is 2-point DFT of X, (k) and of
W,\*X5(Kk):

X (k)

X (k+[N/2])







FFT Complexity

An N-point DFT can be simplified into
log,(N) stages or ‘passes’

Each stage requires N/2 butterfly
operations

Thus require (N/2) log,(N) butterfly
operations in total

Each butterfly uses two complex adds
plus one complex multiply
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Complex Multiplies in DFT/FFT
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Complex Multiplies

« Complex multiplication can be written:
(a+ jb)(c+ jd)=(ac-bd)+ j(ad + bc)




* One complex multiply requires:
» 4 real multiplications
» 2 real additions

* One complex addition requires 2 real
additions

* Hence the main FFT computation is
(2N) log,(N) real multiplications

* The other key implementation issue is
retrieval/calculation of twiddle factors
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* The four point DF

X (0)

X (1)
X(2)

X(3)

« Multiplying by +j swaps Real/Imag

1
1
1
1

1

Radix 4 FFTs

1 1]

-J -1 J

-1
J

1 -1

-1 -

(0)

x(1)
x(2)

:x(3)_

/Butterfly is:

radix-4

parts, with one sign change
» Radix 4 halves No of passes needed



Decimation in Frequency(DIF) FFT

« Can also split DFT outputs X(k) into
‘odd’ and ‘even’ groups

* The resulting FFT has multipliers on
one Butterfly output (not input)

* Note that DIT or DIF algorithms may
have bit reversed inputs or outputs
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Inverse FFTs

* The inverse DFT is:
1 N-1 " _ 3
x(n)=ﬁ;)X(k)WN , n=0..N-1

* FFT can also perform inverse DFT:

» Use complex conjugate twiddle values
» Scale outputs by 1/N
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8-point

Decimation
in frequency
Inverse

FFT (Note
similarity to
DIT FFT)




Real Valued Data

* One N-point DFT can yield the DFTs for

two

real signals a(n) and b(n).

» Form composite signal: x(n)=a(n)+jb(n)
» Calculate DFT X(k) for x(n)

+ DF

" of a(n) is A(k) = [X(k)+X"(N-K)]/2

+ DF

" of b(n) is B(k) = [X(k)-X(N-K)]/2j
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Real/Complex DFTs

valid |
output

Repeat

012  f5/,

All values unique

All values unique




FFT Sizes

 Radix-2 FFTs require an input size N
which is a power of 2

* |f data length M is not a power of 2, use
zero padding to increase length to N

 Remember that with zero padding,
resolution depends on M NOT N
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FFT Applications

 Fast convolution:

multiply

: spectra inverse
discrete | X(k) X(k) H (k) discrete
Fourier Fourier

transform transform

reference .
h(n) discrete | H (k)
Fourier

 Order 2Nlog,(2N) complexity compared
to N2 for N-tap FIR filter y




