CHAPTER 9-DFT
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9.3

_ _ fg 10x10°
Frequency resolution of DFT is — =

N 200 =50 Hz.

But difference Af = 40 Hz so they cannot be resolved.
For resolution Af must = 50 Hz and both frequencies must be a multiple of 50 Hz, i.e. 1600 Hz and
1650 Hz tones are required for example to resolve them as separate DFT output signals!

9.4.

For an 8-point DFT the coefficient matrix is:-
ol 1 1 1 1 1 1 1 g
81 wiowgowg owg owg owg wgg
ol W Wy W Wy WE W W .
01 W3 w§ Wi wy Wi wi w0
04 0
0 ..o
D1 Wg Wg Wg Wg W5 W§ Wg [

Fourier coefficients are obtained from

_. Nz nk
WY = e’ N where N=8

k = component no. (0 — 7)
n = weight no.

For k =0, gi0=1 irrespective of n value.
For k =1, coefficients are:

-jo 2z 222 223 224 215

es ,e'8,e’s ,e’8 e’ 8 ,e' 8, ec
LA _j 5=

=1,e'4, e'2,e'd,¢ei", ' 7, eac

=1,.7-j.7,-j,-.7-j.7, -1, +.7+j.7, j, dc

The full matrix is then:-

Nl 1 1 1 1 1 1 1 0
01 7-j.7 -j -7-j.7 -1 -7+j.7 j .7+j.7 0O
U . . . . U
nl | -1 J 1 | -1 J 0
a1 -7-45.7 j .7-j.7 -1 7+j.7 -j -7+j.7U0
04 0
0 o o I 7
ol .7+j).7 j —=7+j).7 -1 -7-}.7 -] .7-].7 O

The samples of cos wt and sin ot are:-
x(0) x(1) x(2) x@) x(4) x(5) x(6) x(7)

cos 1.0 .707 0 -.707 -1.0 -.707 0 .707
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sin 0 .707 1.0 .707 0 -.707 -1 -.707

The Fourier transformed output values of the above input data samples are then given as:-

X0) = (1+j0)[(1+jO)y+(.707+j.707)+( )+---+( )etc]
=0+ j0
7
X)) = 3 (a+jb)(a-jb) = 8(a®+b°) =8

0

Note in this special case (zero starting phase and one cycle per block length) the sampled phasor in
the 2nd row of the 8 x8 DFT matrix is the complex conjugate of the input sampled phasor. This
simplifies the calculation of X(1) to the expression above.

X(2) =0+j0
etc.

9.5.
Now signal samples are given in question and we apply the DFT matrix again from problem 9.4.

For X(0) we simply sum the 8 sample values.
j4,-2V2+j2V2,-4,-2V2 -] 22, etc.
to get the answer =0

as here all the DFT coefficients are +1.
For X(1) we now multiply the signal values with the second row of the DFT matrix:

SIGNAL SECOND
VALUES DFT ROW
j4  x 1 = j4
N2+ V2 x T-i7 = 2+42+2]+2j
-4 x -] - j4
“V2- N2 x = T-j.7 = 42-2+2j+2j
-j4 -1 = j4
N2-j2v2 x  =T+j.7 = =2+2+2j+2]j
4 X i = |4
22+292 % T+.7 = +2-2+2)+2j

Total for X(1) =8 x4 = 32j
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For X(2) we now multiply the signal values with the third row of the DFT matrix:

SIGNAL THIRD

VALUES DFT ROW
j4  x 1 = j4
“2V2+ N2 x -j = +2V2 + j2V2
-4 x -1 = 4
V2 - N2 x +] = +2V2 — j2V2
-j4  x 1 = -j4
+2V2 - jN2 ~ = —2V2 - j22
4 x -1 = -4
+2V2+ jN2 X +j = -2V2 + j2V2

TOTAL SUMS TO

ZERO for X(2)

Similarly for 3rd component sum =0 and X(3) = 0.

Full DFT output is thus 0, 32j, 0, 0, etc. As the input signal is complex the X(7) value will be zero
and not 32]j.

9.6.

Consider Figure 9.19(b) as a Wiener filter problem to identify the coefficients ag, - - -, a,. To do this
we calculate the autocorrelation at the input to the filter and the cross correlation between the filter
input and the desired outputs.

The Wiener equation thus becomes:
01.03 0.31 Ul O 0031 0
20.31 1.03 opan g0.81 7
1.03a; + 0.31a, = 0.31
0.31a; + 1.03a, = -0.81
solution a; = 0.5912

a, = —0.9643

minimum MSE

o2 = EBXZB— Py a

00.5912 O
1.03 - [0.31-0.81] O 0 9643D
o™ O



= 0.0656
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similarly
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9.7.
O x(n) 0O
Re = & gx(n=1) 5L x(n=1) x(n-2)]
Ox(n=-2) g

The easiest one to calculate is the co-variance form since it involves the smallest number of terms.

0-0.50

Oo0 Of—
52.0 0[-0.5 2.0 3.0]

03.0 O

R, (covar)

01.5 0

O O _
+ £-0.50[1.5 -0.5 2.0]

02.0

0-1.00
0 1l
+ - -
D1.5 D[ 1.0 1.5 -0.5]
0.5
i.e. it comprises the addition of 3 (3 x 3) matrices.
The pre-windowed form:

Ry (pre) = Ry, (covar)

03.00

Oq O
50 5[3.0 0 0]

00 o

+

[12.0 O

Oh o0

+ . . .
23.05[2.0 3.0 0]

00 o



i.e. it requires the addition of 5 (3 x 3) matrices.
The post-windowed form:

Ry (post)

R, (covar)

00 O

040070 -
5-1.0 5[0 -1.0 1.5]

015 g

+

0
0 Yro 0o -1.0]
1.

Oooono
OoOoonO

0

i.e. again this involves the addition of 5 (3 x 3) matrices.
The auto-correlation form:

R, (auto) Ry (pre)

00 O

040070 -
3-1.0 5[0 -1.0 1.5]

015 g

+

0
0 Jro o -1.0]
-1,

OoOonoO
OoOooOoo

0

i.e. now we need the addition of 7 (3 x 3) matrices.

9.8.

In using the covariance form, we do not want to make any assumptions about the signal before or
after the samples we have available. At the same time we want to use as much of the data as possible
in order to make the estimate of the prediction coefficient as good as possible.

Least squares solution (8.13) applied to linear prediction (9.32).

Ryy @ = 'y
B Ux(n-1) 0 ~ ~
Ry = % Ex(n—Z)B[X(n 1) x(n-2)]
< Ux(n-1)U
fyx = % Ex(n—2)gx(n)

To form one term in ry, we need 3 data samples: -x(n), x(n-1), x(n-2).
Data available

n= 0 1 2 3 4



x(n= 30 20 -0.5 15 -1.0

If we start the summations at n = 2 and finish at n = 4, we use as much data as possible and make no
assumptions about the signal before or after the data we have available.
Thus

& Ox(n-1)U ~ ~
Ry = 2 Ex(n—Z)g[x(n D x(n=-2)]

02 0 0-0.50 U1.5 O
535[23] + 0 ) 0[-0.52] + 5_055[1.5—0.5]
0° 0 0 0 o220

_ 84 6%_}_ 80.25 —184_ 82.25 —0.75%

_ 065 4250
425 13.25

and

4 Ox(n-1)0
M = 2 0 0 x(n)
- x(n=2) 5

02 O 0-0.50 01,5 0O
= D3D(—0-5) *0, o+ O_g 5D(—l-O)
0° O O O 0> 0

-1 0 00750 0-1.50
=0 + +

[-3.25 0

U U
D2'0 0

To find coefficients we use;

06.5 4.25 O0a 0 0-3.250

O od, o=0 d

Solve simultaneous equations yields

a, = —0.758

a, = 0.394



9.9.

input data
n= 1 2
yn) 1 1

Covariance from estimate

Ryy
output data
n= 1
x(n)  0.898

Fyx

5
n§2 y(n) y'(n)

=y y' (2 +yR Yy @) +y@y (4 + y(5)y' (5

010 0-1 0 0-1 01 O
=0 D[11]+D1D[11]+D1D[1 1 + o, ol1-1]

0t g ol olg olpg

110 O1-10 0120 01 -10

=0,,0t0 o+4g, .0+ 0 O

2 3 4 5
1346 -0.415 -1.236 0.467

5
§2 y(n) x(n)

¥(2) Xx(2) +y(3) x(3) +y(4) x(4) +y(5)x(5)

010 O-10 O-1 01 O
5151346+Dlm(0415)+m D(1236)+Dlmo467
O Ot O o1g O+0

513465 DO415D DlZSGD DO467D
D1346D D0415D D1236D D0467D

L east squares solution is achieved by solving:

Ryyhzryx
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