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Abstract—In this paper, we investigate the delay-aware energy-
efficient transmission problem in dynamic heterogeneous wireless
networks (HWNs) with time-variant channel conditions, random
traffic loads, and user mobility. By jointly considering subcarrier
assignment, power allocation, and time fraction determination,
we formulate it as a stochastic optimization problem to maxi-
mize the system energy efficiency (EE) and to ensure network
stability. By leveraging the fractional programming theory and
the Lyapunov optimization technique, we first propose a gen-
eral algorithm framework, referred to as the eTrans, to solve
the formulation. Further, we exploit the special structure of the
subproblem embedded in the eTrans to develop the extremely
simple and low complexity but optimal algorithms for subcarrier
assignment, power allocation, and time fraction determination. In
particular, all of them have closed-form solutions, and no iteration
is required, which paves the way for employing the eTrans to
practical applications. The theoretical analysis and simulation
results exhibit that eTrans can flexibly strike a balance between
EE and average delay by simply tuning an introduced control
parameter.

Index Terms—Delay, energy efficiency (EE), heterogeneous
wireless networks (HWNs), power allocation, subcarrier assign-
ment, time fraction determination.

I. INTRODUCTION

G REEN radio, which aims for energy-efficient operation
of wireless communication systems to combat ever-

increasing energy consumption and carbon footprints, has
achieved the worldwide recognition [1]–[3]. Meanwhile, het-
erogeneous wireless networks (HWNs), consisting of a di-
verse set of radio access networks (RANs) such as the
Third-Generation Partnership Project Long-Term Evolution
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(3GPP LTE), Worldwide Interoperability for Microwave Ac-
cess (WiMAX), and Wi-Fi, are becoming potential solutions
against exponential traffic increase and ubiquitous wireless
communications [4]–[6]. As a result, an important question that
arises is how the system controller adaptively allocates limited
wireless resource across all RANs to mobile terminals (MTs)
to achieve ubiquitously energy-efficient transmission in such
heterogeneous wireless environments.

There have been extensive studies on resource alloca-
tion in HWNs from different perspectives. Utility-based
or throughput-based resource allocation was investigated in
[7]–[9]. Bandwidth and power were jointly allocated in [10]
to maximize the total system capacity by a formulated op-
timization problem. An analytical model to achieve the sys-
tem sum-rate maximization subject to the proportional user
rate constraint was presented in [11] to deal with the radio
resource management. By determining power allocation and
packet scheduling, in [12], an energy- and content-aware frame-
work for multihoming video transmission to minimize video
quality distortion was developed. As a common feature, in
[7]–[12], network resource allocation schemes based on the
stationary channel conditions and infinite backlog assumptions
were devised. However, practical wireless networks operate
in the presence of time-varying channel conditions and sto-
chastic traffic arrivals. Moreover, delay performance was also
neglected in [7]–[12], but it is an important metric to evaluate
the quality of service (QoS) of traffic. Because of these, in [13]
and [14], resource allocation algorithms that minimize power
consumption (PC) in dynamic scenarios, with the average delay
taken into account, were presented.

Unfortunately, all the aforementioned metrics, i.e., utility [7],
[8], throughput [9], [10], spectral efficiency (SE) [11], distor-
tion [12], and PC [13], [14], fail to measure energy efficiency
(EE) [1]. As a specialized metric, EE is newly proposed to
evaluate how efficiently the energy is consumed for energy-
efficient (i.e., green) communications [1]–[3]. Some recent
works have studied EE optimization problems [15]–[20]. In
particular, an analytical framework was developed in [15] to
evaluate the throughput and EE performance in downlink small-
cell networks with multi-antenna base stations (BSs). A Markov
chain was built in [16] to conduct performance analysis on
SE and EE for two-tier femtocell networks with partially open
channels. In [17]–[20], energy-efficient transmission problems
were explored by jointly determining subcarrier assignment
and power allocation. However, as in [7]–[12], in [15]–[20],
problems were formulated subject to static models and did not
consider mobility and delay as well. Moreover, in [7]–[19],
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subcarrier assignment, power allocation, or time fraction de-
termination, or all of them, were not incorporated into the
formulations.

To this end, in this paper, we address the delay-aware energy-
efficient resource-allocation problem in HWNs by jointly con-
sidering time-variant channel conditions, random traffic loads,
and user mobility. We formulate it as a stochastic optimization
problem, which maximizes the system EE subject to the stabil-
ity, subcarrier assignment, power allocation, and time fraction
determination constraints. Using the fractional programming
theory and the Lyapunov optimization technique, we first pro-
pose a general algorithm framework, referred to as the eTrans,
to solve the formulation. In the eTrans, it is required that an
optimization problem is solved with subcarrier assignment,
power allocation, and time fraction being variables. We then
develop optimal algorithms with low complexity to tackle it.

The main contributions of this paper are threefold.

• We combine multi-dimensional resource allocation and
network stability to formulate the energy-efficient trans-
mission problem in realistic HWNs, where time-variant
channel conditions, random traffic loads, and user mobil-
ity are all taken into account.

• The devised eTrans provides a simple method to flexi-
bly control EE–delay performance just by adjusting an
introduced control parameter. In addition, the proposed
method can be easily applied to other stochastic optimiza-
tion problems with ratio-form objectives.

• By exploiting the special structure of the subproblem in
the eTrans, we develop the extremely simple and low-
complexity but optimal algorithms for subcarrier assign-
ment, power allocation, and time fraction determination.
In particular, all of them have closed-form solutions, and
no iteration and optimization tools are required, which is
of great importance for practical applications.

The remainder of this paper is organized as follows. In
Section II, we introduce system scenarios and resource allo-
cation models. Section III formulates the concerned problem
and develops a general algorithm framework to solve the for-
mulation. The optimal algorithms for subcarrier assignment,
power allocation, and time fraction determination are devised
in Section IV. We analyze the performance of the proposed
algorithm in Section V. Simulation results are presented in
Section VI. Finally, we conclude this paper in Section VII.

II. SYSTEM SCENARIOS AND RESOURCE ALLOCATION

In this section, after describing the concerned system sce-
narios, we elaborate the resource allocation in HWNs. We then
present the definitions of network stability and EE, which will
be used in Section III to formulate our considered problem.

A. Description of the System Scenario

The concerned HWNs, as shown in Fig. 1, are composed of
the cellular network (CN) and Wi-Fi,1 where users move. It is

1It is straightforward to extend the proposed model and algorithms to more
types of RANs from the latter analysis.

Fig. 1. Illustration scenario of HWNs.

one of the most popular integration scenarios in HWNs [4], [7],
[13], [20]–[22] and is advocated by Qualcomm as an efficient
network architecture to solve the future 1000× data challenge
[6]. In this paper, we consider orthogonal frequency-division
multiple access (OFDMA)-based cellular systems, e.g., the
3GPP LTE and WiMAX, and assume that the BS and each
access point (AP) work on nonoverlapping channels; thus,
there is no interference among the BS and APs [20], [23]. In
comparison, the coverage of the CN is much larger, whereas
Wi-Fi is more bandwidth efficient and energy efficient. Wi-Fi
APs are usually deployed in the coverage of the CN BS. As a
result, energy-expensive CN is always available, whereas Wi-Fi
may not be available during the process of communication and
movement of users. This indicates that the RANs that are able
to serve MTs are time-variant, as shown by MT 1 in Fig. 1.

There are K active users in the system and N subcarriers
in the CN. We denote the total bandwidth by Btot and thus
each subcarrier has a bandwidth of W = Btot/N . Assuming
that the network operates in slotted time with slots normalized
to integral units; thus, slot t refers to the interval [t, t+ 1),
t ∈ {0, 1, 2, . . .}. We denote the set of the available Wi-Fi APs
for MT k by Nk(t) at time slot t. From Fig. 1, Nk(t) possibly
includes no or one or several Wi-Fi APs. Furthermore, data
arrives randomly at every slot and are queued separately for
transmission to each receiver. Let Qk(t) and Ak(t) denote
the queue length and the new traffic arrival amount of MT k
at slot t, respectively. Moreover, A(t) = (Ak(t)) is assumed
to be independent and identically distributed (i.i.d.) over time
slots with E{A(t)} = λ. In addition, GBS(t) = (gk,n(t)) and
GAP(t) = (gk,m(t)) (m ∈ Nk(t)) are channel gains, where
gk,n(t) and gk,m(t) denote the channel gains from the BS to MT
k on subcarrier n and from AP m to MT k at slot t, respectively.
For simplicity, we assume that G(t) = [GBS(t),GAP(t)] takes
values in a finite (but arbitrarily large) state space G with prob-
abilities πG = πGi

, where πGi
� Pr[G(t) = Gi]. We also

assume that G(t) keeps constant for the duration of a time slot
but potentially changes on slot boundaries.

B. Resource Allocation at the BS

Let P (t) = (Pk,n(t)), where Pk,n(t) denotes the transmit
power from the BS to MT k on subcarrier n. We temporarily
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assume that each subcarrier may be shared by multiple MTs in
the time-division manner and denote by ρ(t) = (ρk,n(t)) ≥ 0
the time-sharing factor of MT k on subcarrier n. Here, it is
worthwhile to note that, in Section IV, we will find that each
subcarrier is allocated to at most one MT at optimality (cf.
Theorem 4 and Remark 5). In other words, subcarriers are
assigned exclusively among MTs, which is consistent with the
standard assumption in OFDMA networks [24]–[28].

First, the transmit rate of MT k on subcarrier n (in unit of
bit/s), rk,n(t), is given by [24]–[28]

rk,n(t) = ρk,n(t)W log2

(
1 +

Pk,n(t) |hk,n(t)|2

ρk,n(t)N0W

)

= ρk,n(t)W log2

(
1 +

Pk,n(t)gk,n(t)

ρk,n(t)

)
(1)

where gk,n(t) = |hk,n(t)|2/(N0W ), N0 is the single-sided
spectral density of additive white Gaussian noise, and hk,n(t)
is the frequency response of link k on subcarrier n, which
is assumed accurately known at the transmitter [18], [20],
[24]–[28]. In addition, we set rk,n(t) = 0 when ρk,n(t) = 0
in (1).

Accordingly, the transmit rate to MT k from the CN over all
the subcarriers is equal to

RBS
k (t) = RBS

k (ρ(t),P (t)) =

N∑
n=1

rk,n(t) ∀ k. (2)

In addition, the sum PC of the BS is

PCBS
tot(t) = PCBS

tot (ρ(t),P (t)) = ξ
K∑

k=1

N∑
n=1

Pk,n(t) (3)

where ξ is a constant that accounts for the inefficiency of the
power amplifiers at the BS [26], [27], [29], [30]. Note that,
in this paper, we do not incorporate the static power at the
BS, which is consumed by the baseband signal processing and
additional circuit blocks, such as analog-to-digital conversion,
modulation, channel coding, and signal detection, into (3) as in
[26] and [27], as we assume that the BS is always in the active
state.

C. Resource Allocation at the APs

Regarding Wi-Fi, for the ease of analysis, we adopt the early
backoff announcement (EBA), which is an improved version
of distributed coordination function (DCF) with a reservation-
based medium access control (MAC) protocol [31]. In the
EBA, the collision among MTs can be completely avoided
by announcing the future backoff information in the MAC
header. As a result, we may regard that Wi-Fi operates in
the time-division multiple access (TDMA) manner with each
MT occupying the whole bandwidth in its allocated time
fraction [20].

Let PAP
out denote the output power radiated at the transmit

antenna of the AP, which is a constant and the same for all
associated MTs. The transmit rate from AP m to MT k is given

by rk,m(t), which is determined by the instantaneous signal-to-
noise ratio (SNR) between them. Specifically

rk,m(t) = f

(
PAP
out gk,m(t)

N0
′

)
(4)

where gk,m(t) indicates the channel gain from AP m to MT k,
N0

′ is the noise variance of the Wi-Fi channel, and f(·) decides
the achievable data rate based on the SNR threshold [32].

As APs serve MTs in the TDMA manner, we denote by
X(t) = (xk,m(t)) the time fraction of MT k served by AP m.
We in this paper assume that each MT communicates at most
with one AP that provides the highest data rate among all APs,
then the transmit rate to MT k obtained from APs is2

RAP
k (t) = RAP

k (X(t)) =

M∑
m=1

xk,m(t)rk,m(t). (5)

In the following, we present the PC model for APs. An AP
consumes constant power PAP

idle in the idle state and PAP
tx in the

transmit state.3 Thus, the total PC of APm can be modeled as [23]

PCAP
m (t) =

K∑
k=1

xk,m(t)PAP
tx +

(
1−

K∑
k=1

xk,m(t)

)
PAP
idle. (6)

In (6), the first and second terms denote the power consumed at
AP m in the active and idle states, respectively.

D. Definitions of EE and Network Stability

From (2) and (5), the sum transmit rate to MT k provided by
the system is

Rk(t) = RBS
k (t) +RAP

k (t). (7)

In addition, the total PC and transmit rate of the overall network
are, respectively, given by

PCtot(t) = PCBS
tot(t) +

M∑
m=1

PCAP
m (t) (8)

Rtot(t) =

K∑
k=1

Rk(t). (9)

Furthermore, we define the time averaged PC and transmit
rate of the system, respectively, as

PCtot = lim
t→∞

1
t

t−1∑
τ=0

E {PCtot(τ)} (10)

Rtot = lim
t→∞

1
t

t−1∑
τ=0

E {Rtot(τ)}. (11)

2We use the sum operation in (5) to keep the consistence with the notations
in OFDMA networks but it is worthwhile to point out that there is at most one
term in the sum expression due to our association assumption between APs
and MTs.

3Note that PAP
tx denotes the total power consumed in the transmit mode,

including the output power PAP
out .
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Here, we assume temporarily that the limits are well defined.
To quantitatively model the impacts of stochastic traffic ar-

rivals, time-varying channel conditions, and unpredicted avail-
able RANs on the resource allocation policy ρ(t), P (t), and
X(t), and further on EE and delay, we give the precise defini-
tions of EE and network stability.

Definition 1: EE ηEE of networks is defined as the ratio of the
long-term delivered amount of data to the corresponding energy
consumption in units of bit/Joule [33], and given by

ηEE = lim
t→∞

t−1∑
τ=0

E {Rtot(τ)}

t−1∑
τ=0

E {PCtot(τ)}
=

lim
t→∞

1
t

t−1∑
τ=0

E {Rtot(τ)}

lim
t→∞

1
t

t−1∑
τ=0

E {PCtot(τ)}

=
Rtot

PCtot

. (12)

Let ρ={ρ(0),ρ(1),ρ(2), . . .}, P ={P (0),P (1),P (2), . . .},
and X = {X(0),X(1),X(2), . . .}. Indeed, both PCtot and
Rtot are the functions ofρ, P , andX and thus can be expressed
as PCtot(ρ,P ,X) and Rtot(ρ,P ,X), respectively.

Remark 1: The EE definition (12) is quite different from
those presented in the existing works [18], [20], [26]–[28] (and
the references therein). We refer the readers to [33] on the
detailed analysis for their connections and differences.

As stated earlier, the traffic arrival and departure rates of MT
k are Ak(t) and Rk(t), respectively. Thus, the data queue Q(t)
evolves according to [34], [35]

Qk(t+ 1) = max [Qk(t)−Rk(t), 0] +Ak(t). (13)

To achieve energy-efficient transmission, an intuitive strategy
is to transmit data only when the channel conditions from
the BS or APs to MTs are good enough. However, if the
controller greedily defers data transmission for the aggressive
consideration on EE, the data queue length is likely to increase
unboundedly, thus resulting in a large intolerant delay. As a
result, the controller falls into a dilemma to decide whether
to allocate resource or not to MTs for transmission in each
slot. This, in essence, is an EE–delay tradeoff issue. We thus
introduce queue stability to flexibly balance or control such a
tradeoff.

Definition 2: A discrete time queue process Q(t) is strongly
stable [34] if

Q = lim sup
t→∞

1
t

t−1∑
τ=0

E {|Q(t)|} < ∞. (14)

Definition 3: A network of queues is stable if all the individ-
ual queues are stable [34].

III. PROBLEM FORMULATION AND

ALGORITHM FRAMEWORK

In this section, we first formulate a stochastic optimization
programming to investigate the energy-efficient transmission
problem, which maximizes EE subject to resource allocation
constraints and a bounded delay requirement. We then adopt

the fractional programming theory to equivalently reform the
proposed formulation. Finally, we devise a general algorithm
framework, referred to as the eTrans, to solve our problem by
using the Lyapunov optimization technique.

A. Problem Formulation

In this paper, with delay taken into account, we joint
subcarrier assignment, power allocation, and time fraction
determination to investigate the energy-efficient transmission
problem in HWNs. We formulate it as the following stochastic
optimization programming:

max ηEE =
Rtot

PCtot

=
Rtot(ρ,P ,X)

PCtot(ρ,P ,X)

s.t. C1 : Qk < ∞ ∀ k

C2 :

K∑
k=1

ρk,n(t) ≤ 1 ∀n, t

C3 :

K∑
k=1

xk,m(t) ≤ 1 ∀m, t

C4 : 0 ≤ ρk,n(t) ≤ 1 ∀ k, n, t
C5 : 0 ≤ xk,m(t) ≤ 1 ∀ k,m, t

C6 : Pk,n(t) ≥ 0 ∀ k, n, t. (15)

In (15), C1 is the queue stability constraint to guarantee all
arrived data leaving the buffer within a finite time. C2 denotes
the time sharing constraints on each subcarrier among MTs
at the BS. C3 represents the time fraction constraints among
MTs at APs. Note that we depict the average delay by the
queue length (i.e., C1). This is because the average delay is
proportional to the average queue length for a given traffic
arrival rate from the Little’s Theorem [36] (i.e., average delay =
average queue length/traffic arrival rate).

B. Problem Transformation

We cannot directly employ the classical drift-plus-penalty
algorithm [34], which is developed to solve stochastic opti-
mization problems by the Lyapunov optimization technique, to
tackle (15) since its objective is the ratio between two time aver-
age quantities rather than a time average of a quantity. However,
(15) falls into the kind of nonlinear fractional programming
[37], which can be exploited to transform the ratio to a time
average of a quantity.

For the notational simplicity, we define R as the set of
feasible solutions of (15). Without loss of generality, we have
Rtot > 0 and PCtot > 0. Denote the optimal value of (15) by
ηoptEE ; then

ηoptEE =
Rtot(ρ

∗,P ∗,X∗)

PCtot(ρ∗,P ∗,X∗)
= max

ρ,P ,X∈R

Rtot(ρ,P ,X)

PCtot(ρ,P ,X)
(16)

where ρ∗, P ∗, and X∗ refer to the optimal resource allocation
policy.
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We first present the following theorem to reformulate (15).
Its proof uses a standard result in the nonlinear fractional
programming theory [37], we thus omit it for brevity.

Theorem 1: The resource allocation policy ρ∗, P ∗, and X∗

achieves the optimal EE ηoptEE if and only if

max
ρ,P ,X∈R

Rtot(ρ,P ,X)− ηoptEE PCtot(ρ,P ,X)

= Rtot(ρ
∗,P ∗,X∗)− ηoptEE PCtot(ρ

∗,P ∗,X∗)

= 0. (17)

From Theorem 1, given ηoptEE , we can equivalently transform
(15) to

max Rtot(ρ,P ,X)− ηoptEE PCtot(ρ,P ,X)

s.t. C1,C2,C3,C4,C5,C6.
(18)

Although the objective of (18) can be seen as the time average
of a quantity (i.e., Rtot(t)− ηoptEE PCtot(t)), it is still challeng-
ing to solve (18) as ηoptEE is usually unknown in advance.

Further, we introduce a new parameter ηEE(t) with ηEE(0) =
0 and define it as

ηEE(t) =

t−1∑
τ=0

E {Rtot(τ)}

t−1∑
τ=0

E {PCtot(τ)}
, t = 1, 2, 3, . . . . (19)

Then, replacing ηoptEE by ηEE(t), we recast (18) as

max Rtot(ρ,P ,X)− ηEE(t)PCtot(ρ,P ,X)

s.t. C1,C2,C3,C4,C5,C6. (20)

Depending on the past resource allocation decisions, ηEE(t),
unlike ηoptEE , becomes a known parameter. This kind of trans-
formation techniques has been widely used to solve stochastic
optimization problems with ratio objectives in renewal systems
and has been shown to be extremely effective [34], [38].

C. Delay-Aware Energy-Efficient Transmission
Algorithm (eTrans)

Hereto, the objective of (20) can be seen as the time average
of Rtot(t)− ηEE(t)PCtot(t); thus, we can exploit the drift-
plus-penalty algorithm to solve (20), i.e., (15). To this end,
we first introduce some necessary but practical boundedness
assumptions to derive the drift-plus-penalty expression of (20).

Under any channel condition G(t), any queue state Q(t) =
(Qk(t)), and the corresponding resource allocation policy
ρ(t),P (t),X(t) ∈ AW (t) (where W (t) = [G(t),Q(t)], and
AW (t) represents the set of all resource allocation options for a
given W (t)), we assume

PCmin ≤ E {PCtot(t)} ≤ PCmax (21)

Rmin ≤ E {Rtot(t)} ≤ Rmax (22)

where PCmin, PCmax, Rmin, and Rmax are some finite con-
stants. Moreover, assume that the traffic arrival amount A(t) =
(Ak(t)) has a bounded second moment, i.e.,

E
{
A(t)2

}
≤ A (23)

for some finite constant A .
It is worthwhile to note that the assumptions (21)–(23) are

reasonable due to bounded arrival/departure rates and power
allocation in realistic systems. Moreover, these lower and upper
bounds will not be used when developing algorithms.

In what follows, we introduce the concepts of the Lyapunov
function and Lyapunov drift, which will also be used in
Lemma 1 to derive the drift-plus-penalty expression. From [34],
the Lyapunov function L(Q(t)) and the one-slot conditional
Lyapunov drift Δ(Q(t)) are, respectively, defined as

L(Q(t))
Δ
=

1
2

K∑
k=1

Qk(t)
2 (24)

Δ(Q(t))
Δ
= E {L (Q(t+ 1))− L (Q(t)) |Q(t)} (25)

and the drift-plus-penalty expression of (20) is given by

Δ(Q(t)) + V E {ηEE(t)PCtot(t)−Rtot(t)|Q(t)} . (26)

The following Lemma offers an upper bound of the drift-plus-
penalty expression. The proof of this lemma uses a standard
method in the stochastic optimization theory [33], [34]. For ex-
ample, without considering the virtual power queue introduced
in [33], the method adopted in [33, Lemma 2, p. 6] can be easily
applied to prove this lemma. More specifically, we complete its
proof by removing (68) and (69) in [33, Appendix C, pp. 9–10].

Lemma 1: For any subcarrier assignment, power allocation,
and time fraction determination algorithm, all control para-
meters V ≥ 0, and all possible values of Q(t), the drift-plus-
penalty expression of (20) is upper bounded by

Δ(Q(t)) + V E {ηEE(t)PCtot(t)−Rtot(t)|Q(t)}
≤ B + V E {ηEE(t)PCtot(t)−Rtot(t)|Q(t)}

+

K∑
k=1

Qk(t)E {Ak(t)−Rk(t)|Q(t)} (27)

where B is a positive constant [according to the boundedness
assumptions (21)–(23)] that, for all t, satisfies

B ≥ 1
2

K∑
k=1

E

{
Ak(t)

2 +Rk(t)
2|Q(t)

}
. (28)

From the stochastic optimization theory in [34], it is required
to minimize the upper bound of its drift-plus-penalty expression
subject to the same constraints, except the stability one to solve
a stochastic optimization problem. Back to our case, we need
to minimize the right-hand side of (27), i.e., the upper bound of
the drift-plus-penalty of (20), to solve (20) subject to C2–C6,
as C1 is a stability constraint. Algorithm 1, which is referred
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to as the eTrans in this paper,4 provides the detailed procedure
to deal with (20) [i.e., (15)]. Regarding its performance, the
eTrans can achieve an asymptotically optimal EE that arbitrar-
ily approaches the theoretical optimum of (15) at the cost of the
average delay. However, to avoid tedious derivations, we leave
the detailed performance analysis in Section V.

Algorithm 1 Delay-aware energy-efficient transmission algo-
rithm (eTrans).

1: At the beginning of each slot t, observe the current queue
state Q(t), obtain the channel condition G(t), and get the
available APs Nk(t) for all k.

2: Make the resource allocation policy ρ(t),P (t), and X(t)
according to the following optimization problem:

min V [ηEE(t)PCtot(t)−Rtot(t)]+

K∑
k=1

Qk(t)[Ak(t)−Rk(t)]

s.t. C2 :

K∑
k=1

ρk,n(t) ≤ 1 ∀n, t

C3 :

K∑
k=1

xk,m(t) ≤ 1 ∀m, t

C4 : 0 ≤ ρk,n(t) ≤ 1 ∀ k, n, t
C5 : 0 ≤ xk,m(t) ≤ 1 ∀ k,m, t

C6 : Pk,n(t) ≥ 0 ∀ k, n, t. (29)

3: Update Q(t) and ηEE(t) according to (13) and (19),
respectively.

Remark 2: Recall that ηEE(t) is a constant and
ηEE(t)PCtot(t)−Rtot(t) can be interpreted as a metric to
measure the system EE at slot t. In addition, V is an introduced

4Note that the conditional expectation is removed from (27) to (29) due to
the fact that minimizing f(t) ensures that E{f(t)|Q(t)} is minimized from
the principle of opportunistically minimizing an expectation [34].

positive control parameter. An intuitional explanation to the
physical meaning of (29) is that it minimizes the weighted sum
(by V ) between the system EE and the weighted (by queue
length, i.e., delay) transmit rate subject to resource allocation
constraints. In other words, (29) couples two targets, i.e., EE
and delay, and balances them by adjusting V . Particularly, the
eTrans requires no prior knowledge of traffic arrival rate λ,
channel statistics πG, and available RANs in the future.

IV. OPTIMAL RESOURCE ALLOCATION ALGORITHMS

In the last section, we have developed the eTrans to solve our
proposed formulation (15). As shown, it is required to devise
efficient algorithms to tackle (29) for practical applications. In
this section, we design extremely simple and low-complexity
but optimal algorithms for subcarrier assignment, power alloca-
tion, and time fraction allocation, all of which have closed-form
solutions.

By substituting (7)–(9) into (29), we obtain (30), shown at
the bottom of the page. Furthermore, we can decompose (30)
into two subproblems: one for time fraction allocation and the
other for subcarrier assignment and power allocation. This is
because there are no coupling objective functions and con-
straints between them.

A. Optimal Time Fraction Allocation

The time fraction allocation problem is given as follows:

min
K∑

k=1

M∑
m=1

[
V ηEE(t)P

AP
tx − V ηEE(t)P

AP
idle

− (V +Qk(t)) rk,m(t)
]
xk,m(t)

s.t. C3 :

K∑
k=1

xk,m(t) ≤ 1 ∀m, t

C5 : 0 ≤ xk,m(t) ≤ 1 ∀ k,m, t. (31)

min V ηEE(t)P
BS
static +MV ηEE(t)P

AP
idle +

K∑
k=1

Qk(t)Ak(t) +

K∑
k=1

N∑
n=1

[ξV ηEE(t)Pk,n(t)− (V +Qk(t)) rk,n(t)]

+

K∑
k=1

M∑
m=1

[
V ηEE(t)P

AP
tx − V ηEE(t)P

AP
idle − (V +Qk(t)) rk,m(t)

]
xk,m(t)

s.t. C2 :

K∑
k=1

ρk,n(t) ≤ 1 ∀n, t

C3 :

K∑
k=1

xk,m(t) ≤ 1 ∀m, t

C4 : 0 ≤ ρk,n(t) ≤ 1 ∀ k, n, t

C5 : 0 ≤ xk,m(t) ≤ 1 ∀ k,m, t

C6 : Pk,n(t) ≥ 0 ∀ k, n, t (30)
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Recall that each MT is associated with at most one AP, which
provides the highest transmit rate among all the APs. Thus,
if MT k communicates with AP m at slot t, i.e., rk,m(t) ≥
rk,j(t) for ∀ j 
= m, then xk,j(t) = 0, whereas the value of
xk,m(t) is determined by (31). If xk,m(t) = 0, then MT k
gets no service from any AP at this slot. We denote the set
of MTs that are possibly5 connected to AP m by Ωm(t), i.e.,
Ωm(t) = {k|rk,m(t) ≥ rk,j(t), ∀ j 
= m}. Note that an AP can
serve multiple MTs in a slot in the TDMA manner from C3.

For the notational simplicity, we let

αk,m(t) = V ηEE(t)
(
PAP
tx − PAP

idle

)
− (V +Qk(t)) rk,m(t).

(32)

Then, regarding the optimal solution of (31), we present the
following theorem.

Theorem 2: For any MT k ∈ Ωm(t), xk,j(t) = 0 for all j 
=
m, and the value of xk,m(t) is determined by

xk,m(t) =

⎧⎪⎨⎪⎩
0, if k ∈ Ω+

m(t)

1, if k ∈ Ω−
m(t) and k = k∗

0, if k ∈ Ω−
m(t) and k 
= k∗

(33)

where

Ω+
m(t) = {k|αk,m ≥ 0, k ∈ Ωm(t)}

Ω−
m(t) = {k|αk,m < 0, k ∈ Ωm(t)}

k∗ = arg min
i∈Ω−

m(t)
αi,m(t). (34)

Proof: Based on the given analysis, xk,j(t) = 0 for k ∈
Ωm(t) and j 
= m. To show the later claims in Theorem 2, we
first equivalently recast (31) to

min
M∑

m=1

∑
k∈Ωm

αk,m(t)xk,m(t)

s.t. C3 :
∑
k∈Ωm

xk,m(t) ≤ 1 ∀m, t

C5 : 0 ≤ xk,m(t) ≤ 1 ∀ k,m, t. (35)

As shown in (35), the time fraction allocation among APs is
independent. Thus, (35) can be decomposed into M subprob-
lems, each of which (e.g., m) is given as follows:

min
∑
k∈Ωm

αk,m(t)xk,m(t)

s.t. C3 :
∑
k∈Ωm

xk,m(t) ≤ 1 ∀ t

C5 : 0 ≤ xk,m(t) ≤ 1 ∀ k ∈ Ωm, t. (36)

To minimize the objective function, it is obvious to set
xk,m(t) = 0 for MTs with αk,m(t) ≥ 0. In other words,
xk,m(t) = 0 if k ∈ Ω+

m(t). For MTs k ∈ Ω−
m(t), e.g., k1 and

5Here, we use “possibly” because the MT (e.g., k) may get no service from
the AP (e.g., m), even when it provides the highest rate, which depends on
whether xk,m(t) = 0 or not from (31).

k2, we have xk1,m(t) ≤ 1 − xk2,m(t) from C3. The objective
of (36) is equal to

αk1,m(t)xk1,m(t) + αk2,m(t)xk2,m(t)

≥ αk1,m(t) (1 − xk2,m(t)) + αk2,m(t)xk2,m(t)

≥ (αk2,m(t)− αk1,m(t)) xk2,m(t) + αk1,m(t) (37)

where the first equality holds from the nonnegativity of xk,m(t)
(see C5) and the negativity ofαk,m(t). To minimize (αk2,m(t)−
αk1,m(t))xk2,m(t) + αk1,m(t), we have xk2,m(t)=1 and
xk1,m(t) = 0 if αk2,m(t) < αk1,m(t) < 0. Otherwise,
xk2,m(t)=0 and xk1,m(t) = 1 if αk1,m(t) < αk2,m(t) < 0.
Similar methods can be easily extended to the cases with more
MTs in Ω−

m(t). �
Remark 3: The solution structure in (33) is completely in

accordance with our intuitional understanding. 1) It should turn
on AP m for a good EE or a low delay when rk,m(t) or Qk(t)
becomes large. From (32), a large rk,m(t) or Qk(t) yields an
increased second term in αk,m(t) and a negative αk,m(t), thus
leading to xk,m(t) = 1 [see (33)]. 2) AP m will always be
turned on if PAP

tx = PAP
tx , as the on operation would not cause

additional PC. It is observed that xk,m(t) = 1 as αk,m(t) is
always negative when PAP

tx = PAP
tx . 3) It is more likely to turn

on APs when PAP
tx approaches to PAP

idle and to turn off them
when PAP

tx is larger than PAP
idle.

B. Optimal Subcarrier Assignment and Power Allocation

Accordingly, the subcarrier assignment and power allocation
problem is determined by

min
P (t),ρ(t)

K∑
k=1

N∑
n=1

[ξV ηEE(t)Pk,n(t)− (V +Qk(t)) rk,n(t)]

s.t. C2 :

K∑
k=1

ρk,n(t) ≤ 1 ∀n, t

C4 : 0 ≤ ρk,n(t) ≤ 1 ∀ k, n, t
C6 : Pk,n(t) ≥ 0 ∀ k, n, t. (38)

We present the following proposition, which is proved in the
Appendix, to show the feature of (38).

Theorem 3: Problem (38) is jointly convex in P (t) and ρ(t).
Due to its convexity, we can adopt standard convex op-

timization techniques such as interior-point methods [39] to
effectively and optimally solve (38) by off-the-shelf solvers,
e.g., CVX [40]. However, we find that we can exploit the
special structure of (38) to devise extremely simple closed-form
solutions with substantially low complexity. For this aim, we
first provide the following basic fact in the optimization theory.

Lemma 2 ([39, p. 133]): We always have

inf
x,y

f(x, y) = inf
x

f̃(x) (39)

where f̃(x) = infy f(x, y). In other words, we can always
minimize a function by first minimizing over some of the
variables and then minimizing over the remaining ones.

From Lemma 2, we can solve (38) by first optimizing P (t)
and then ρ(t). The detailed process is described as follows.
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Define the function f̃0 of ρ(t) by

min
P (t)

f̃0 (ρ(t)) =

K∑
k=1

N∑
n=1

[ξV ηEE(t)Pk,n(t)

− (V +Qk(t)) rk,n(t)]

s.t. C6 : Pk,n(t) ≥ 0 ∀ k, n, t. (40)

The problem (38) is then equivalent to

min
ρ(t)

f̃0 (ρ(t))

s.t. C2 :

K∑
k=1

ρk,n(t) ≤ 1 ∀n, t

C4 : 0 ≤ ρk,n(t) ≤ 1 ∀ k, n, t. (41)

To obtain the optimal power allocation Pk,n(t) from (40), we
differentiate f̃0(ρ(t)) with respect to Pk,n(t) and set it to zero
to yield

Pk,n(t) =

[
(V +Qk(t))W

ξV ηEE(t) ln 2
− 1

gk,n(t)

]+
ρk,n(t) ∀ k, n, t.

(42)
Note that [x]+ � max[0, x].

Remark 4: As shown, the optimal power allocation (42)
follows the standard water-filling approach. That is, the better
the channel condition gk,n(t), the higher the transmit power
Pk,n(t). In addition, the water lever is determined by the queue
length Qk(t) in the current slot, which perfectly agrees with
our intuitional understanding. Specifically, it is necessary to
pour more transmit power as Qk(t) increases because a larger
transmit rate is required to keep the network stable.

By substituting the optimal power allocation (42) into
f̃0(ρ(t)), we equivalently recast (41) to

min
ρ(t)

f̃0 (ρ(t)) =

N∑
n=1

K∑
k=1

ϕk,n(t)ρk,n(t)

s.t. C2 :
K∑

k=1

ρk,n(t) ≤ 1 ∀n, t

C4 : 0 ≤ ρk,n(t) ≤ 1 ∀ k, n, t (43)

where

ϕk,n(t) =

[
(V +Qk(t))W

ln 2
−

ξV ηEE(t)

gk,n(t)

]+
− (V +Qk(t))W

[
log2

(
(V +Qk(t))Wgk,n(t)

ξV ηEE(t) ln 2

)]+
.

(44)

The following theorem specifies the optimal solution of (43),
i.e., the optimal subcarrier assignment.

Theorem 4: For any given subcarrier n, the optimal subcar-
rier assignment ρk,n(t) at slot t is given by

ρk,n(t) =

⎧⎪⎨⎪⎩
0, if ϕk,n ≥ 0

1, if ϕk,n < 0 and k = argmini ϕi,n(t)

0, if ϕk,n < 0 and k 
= argmini ϕi,n(t).

(45)

Proof: We can exploit the similar method adopted in
Theorem 2 to prove Theorem 4, we thus omit the proof for
brevity. �

Remark 5: Although we permit that MTs can share subcarri-
ers in the time-division manner in Section II-B, i.e., ρk,n(t) ∈
[0, 1], the optimal scheme for subcarrier assignment from
Theorem 4 is exclusive occupancy, i.e., each subcarrier will be
assigned to at most one MT.

Jointly considering (33), (45), and (42), we develop
Algorithm 2 to optimally determine time fractions, assign sub-
carriers, and allocation power, i.e., to optimally solve (29).

Algorithm 2 Low complexity but optimal time fraction
determination, subcarrier assignment, and power allocation
algorithm.

1: Determine time fraction xk,n(t) from (33).
2: Assign subcarrier ρk,n(t) from (45).
3: Allocate transmit power Pk,n(t) from (42).

V. PERFORMANCE ANALYSIS

In this section, we exploit the Lyapunov optimization
technique to analyze the performance of the eTrans, where
Algorithm 2 is called to optimally solve (29).

A. Preliminary

Assume that the time averages of the PC, rate, and EE
converge. Specifically

lim
J→∞

1
J

J−1∑
t=0

PCtot(t) = PCav
tot (46)

lim
J→∞

1
J

J−1∑
t=0

Rtot(t) = Rav
tot (47)

lim
t→∞

ηEE(t) =
Rav

tot

PCav
tot

= ηavEE. (48)

Under the assumptions (21)–(23) and (46)–(48), the equiva-
lence of the following equations:

PCtot = PCav
tot, Rtot = Rav

tot

lim
t→∞

E {ηEE(t)} = ηavEE = ηEE (49)

is guaranteed by the Lebesgue dominated convergence theorem
[34], [38], [41].

From (49), we can obtain

lim
J→∞

E

{
1
J

J−1∑
t=0

[ηEE(t)PCtot(t)]

}
= ηavEEPCav

tot = Rav
tot = Rtot

(50)

lim
J→∞

1
J

J−1∑
t=0

E {ηEE(t)} = ηavEE. (51)

In addition, we denote the capacity region of the network by
Λ, which is defined as the set of all the traffic arrival rates that
can be stably supported by the network [42]. In other words,
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there exists at least a resource allocation policy to stabilize the
network under this arrival rate.

B. Analytical Results

With the help of Lemma 1 and the above preliminary, we can
quantify the performance of the eTrans as follows, which is the
question left in Section III-C.

Theorem 5: Suppose that problem (15) is feasible and
E{L(Q(0))} < ∞. If λ is strictly interior to the network
capacity region Λ, then the eTrans with any V > 0 has the
following properties.

a) The performance bound of EE satisfies

ηEE ≥ ηoptEE −
B

PCmin

V
. (52)

b) The average queue length Q has the following perfor-
mance bound:

Q = lim
J→∞

1
J

J−1∑
t=0

K∑
k=1

E {Qk(t)}

≤
B + V

[
Rmax + ηoptEE (PCmax − PCmin)

]
ε

. (53)

Proof: Define an i.i.d. algorithm as the one that chooses
a resource allocation strategy ρ(t), P (t), and X(t) inde-
pendently and probabilistically in a predefined policy space
according to a certain distribution in all slots t. For ease of
understanding, we first review a basic result in the following
lemma in the Lyapunov optimization technique. Its proof uses
a standard result in the stochastic optimization theory [34].

Lemma 3: Suppose that λ is strictly interior to the capacity
region Λ, and that λ+ ε is also in Λ for a positive ε. Fur-
thermore, (15) is feasible and the boundedness assumptions
(21)–(23) hold. Then, for any δ > 0, there exists an i.i.d.
algorithm ρ(t), P (t), and X(t) that satisfies

E {R∗
tot(t)} ≥ E {PC∗

tot(t)}
(
ηoptEE − δ

)
(54)

E {R∗
k(t)|Q(t)} = E {R∗

k(t)} ≥ λk + ε (55)

where PC∗
tot(t) and R∗

tot(t) are the resulting values under i.i.d.
ρ(t), P (t), and X(t).

Since the eTrans minimizes the right-hand side of (27),
we have

Δ(Q(t)) + V E {ηEE(t)PCtot(t)−Rtot(t)|Q(t)}

≤ B +
K∑

k=1

Qk(t)E {Ak(t)−Rk
∗(t)|Q(t)}

+ V E {ηEE(t)PC∗
tot(t)−R∗

tot(t)|Q(t)} (56)

where R∗
tot(t) and PC∗

tot(t) are the resulting values under any
alternative (possibly i.i.d.) resource allocation policy ρ∗(t),
P ∗(t), and X∗(t).

Plugging (54) and (55) into (56) and taking a limit as δ → 0
yield

Δ(Q(t)) + V E {ηEE(t)PCtot(t)−Rtot(t)|Q(t)}

≤B−ε

K∑
k=1

Qk(t)+VηEE(t)E {PC∗
tot(t)}−VηoptEEE{PC∗

tot(t)}.

(57)

a) Taking iterated expectation at both sides of (57) yields

E {L (Q(t+ 1))} − E {L (Q(t))}
+ V E {ηEE(t)PCtot(t)−Rtot(t)}

≤ B − ε

K∑
k=1

E {Qk(t)}+ V E {ηEE(t)}E {PC∗
tot(t)}

− V ηoptEEE {PC∗
tot(t)} . (58)

Using telescoping sums over t ∈ {0, 1, . . . , J − 1} and exploit-
ing the fact that Qk(t) ≥ 0, we get

E {L (Q(J))} − E {L (Q(0))}

+ V

[
J−1∑
t=0

E {ηEE(t)PCtot(t)} −
J−1∑
t=0

E {Rtot(t)}
]

≤ J
[
B − V ηoptEEE {PC∗

tot(t)}
]

+ V E {PC∗
tot(t)}

J−1∑
t=0

E {ηEE(t)} . (59)

The remaining proof for a) and b) is similar to that in
[33, Th. 2 (b) and (c), p. 6]; we thus omit it for brevity. �

Remark 6: Equations (52) and (53) together show a tradeoff
of [O(1/V ), O(V )] between EE and queue length (i.e., delay).
That is, we can tune the EE–delay performance via V , which
will be further verified in the following by simulations.

VI. SIMULATION RESULTS AND ANALYSIS

In this section, we take completely random and dynamic
HWNs as an example to evaluate the performance of the eTrans.

A. Parameters Setting

During the process of communication and mobility of users,
we assume that the following cases will occur (see Fig. 1): 1) no
Wi-Fi AP; 2) under the coverage of one Wi-Fi AP; 3) under the
overlap range of two Wi-Fi APs; and 4) under the overlap range
of three Wi-Fi APs. Each of the four cases has a probability of
0.4, 0.3, 0.2, and 0.1, respectively. It is worthwhile to note that
the CN always exists in all cases.

For simplicity of the simulations, we normalize the subcarrier
bandwidth to 1, i.e., W =1, and assume that the channel gain
GBS(t)=(gk,n(t)) is i.i.d. over slots with gk,n(t) generated
randomly in 20 equal probability states {0.5, 0.6, 0.7, 0.8, 0.9, 1,
2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15}. We determine the
transmit rate from APs to MTs by applying the rate adaption
scheme based on the SNR threshold, as shown in Table I [32].
Each state in Table I from 0 to 54 Mb/s has a probability of 0.08,
0.08, 0.15, 0.15, 0.15, 0.15, 0.08, 0.08, and 0.08. We take the
drain efficiency of 35% for the power amplifier in the BS, i.e.,
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TABLE I
SNR VERSUS RATE

Fig. 2. EE versus control parameter V .

Fig. 3. Average delay versus control parameter V .

1/ξ = 0.35 [27], and set K = 20, N = 256, PAP
tx = 10.1 W,

and PAP
idle = 9.2 W [23].

We simulate the eTrans for different control parameters V .
Each point of the following curves is run for 40 000 slots and
averaged over these values.

B. Quantitative EE–Delay Performance Control

In Fig. 2, the resulting EE is plotted against V . It is shown
that ηEE converges as V increases. Hence, it inevitably con-
verges to ηoptEE and can arbitrarily approach ηoptEE from (52).

Fig. 4. EE versus traffic arrival rate λ under different control parameter V and
scenarios.

Further, it is clear that EE increases to the optimal value at the
speed of O(1/V ) as V increases for any given traffic arrival rate
λ = (λk). Meanwhile, the average delay (i.e., queue length)
grows linearly in O(V ), as shown in Fig. 3. Figs. 2 and 3 to-
gether show that there is a tradeoff between EE and delay, and it
can be given by [O(1/V ), O(V )], which verifies the theoretical
results (52) and (53) in Theorem 5. Hence, the eTrans provides
an important method for the system to flexibly balance EE
and average delay by simply adjusting control parameter V .
Specifically, if the system prefers a better EE, a larger V is
required (see Fig. 2). Otherwise, a smaller V is desired for a
smaller delay (see Fig. 3).

In comparison, we also plot the curves of EE and delay
produced by solving the PC minimization (PCM) problem [13],
[14] but subject to the same constrains as in (15) (i.e., C1–C6).
Note that [13], [14] assumed that subcarrier assignment, power
allocation, and time fraction determination are all known para-
meters. As shown, these curves obtained from the eTrans and
the PCM are distinct with each other. In other words, results
from the power–delay tradeoff can hardly provide quantitative
insights into EE–delay tradeoff issues. Hence, our proposed
formulation and technique provide a significant means to in-
vestigate the EE–delay tradeoff.

C. Impacts of Parameters and Scenarios on
System Performance

Figs. 4 and 5 display how the traffic arrival rate λ, control pa-
rameter V , and scenarios affect the system EE and the average
delay. Note that, in the figures, “CN + Wi-Fi” denotes scenarios
that HWNs are composed of the CN and Wi-Fi, as shown in
Fig. 1, whereas “CN” represents scenarios only consisting of
the CN [33],6 i.e., there is no Wi-Fi.

First, as can be seen, for any given V and scenario, both EE
and the average delay deteriorate, i.e., EE decreases and the

6Note that, although with the same objective, the formulation to produce the
curves for “CN” in Figs. 4 and 5 [cf. (15)] can be regarded as an extension
of that in [33] because it jointly optimizes subcarrier assignment and power
allocation instead of only power allocation in [33].
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Fig. 5. Average delay versus traffic arrival rate λ under different control
parameter V and scenarios.

average delay increases, with λ. This is because it is required to
increase the transmit rate to keep a finite queue length, i.e., to
ensure the network stability [see C1 in (15)], which, naturally,
is accompanied by the increased PC. However, an increase in
the transmit power does not result in a proportional increase in
the transmit rate due to the diminishing slope of the logarithmic
rate-power function [see (1)]. As a result, EE decreases from (12).

Second, for a given traffic arrival rate λ and a specific scenario
(e.g., CN+Wi-Fi), EE increases but the average delay degrades
as V increases from 100 to 200. This follows from the fact that a
largerV indicates the system emphasizes more onEE and less on
the average queue length (i.e., the average delay) [see (29) and
Remark 2]. This has also been theoretically proved in Theorem
5 [see (52) and (53)] and explicitly shown in Figs. 2 and 3.

Third, for a given traffic arrival rate λ and V , it is observed
that different scenarios significantly affect the system perfor-
mance. Specifically, “CN + Wi-Fi” outperforms “CN” in terms
of both EE and the average delay. This is because the coexistence
of the CN and Wi-Fi offers network diversity to MTs with
multihoming capability. That is, MTs equipped with multiple
interfaces are able to access multiple RANs simultaneously.
Thus, it is more flexible for the system to allocate limited wire-
less resource to MTs as multihoming capability allows MTs to
achieve their required QoS from all available RANs. In addi-
tion, Figs. 4 and 5 together indicate that HWNs improve system
performance by jointly allocating resource across RANs.

VII. CONCLUSIONS

In this paper, we have formulated a stochastic optimization
problem to investigate the delay-aware energy-efficient trans-
mission problem in HWNs by jointly optimizing subcarrier
assignment, power allocation, and time fraction determina-
tion. Resorting to the fractional programming theory and the
Lyapunov optimization technique, we have devised the eTrans
to solve the problem. Most importantly, we have developed
the extremely simple and optimal algorithms for subcarrier
assignment, power allocation, and time fraction determination
with low complexity, where all of them have the closed-form

solutions without requiring any iteration. The theoretical analy-
sis and simulation results have verified the capability of the
eTrans to flexibly control EE and average delay.

APPENDIX

PROOF OF THEOREM 3

Assuming that f(x) is concave, then its perspective function
tf(x/t) is still concave in (x, t) [39]. From this, rk,n(t) =
ρk,n(t)W log2(1 + (pk,n(t)gk,n(t)/ρk,n(t))) is jointly con-
cave in P (t) and ρ(t) because it can be regarded as the per-
spective function of the concave function log2(1 + pk,ngk,n).
As a result, the objective in (38) is jointly convex in P (t) and
ρ(t) as it is the sum of K ×N convex functions.

In addition, C2, C4, and C6 in (38) are all linear constraints;
thus, the sets produced by them for P (t) and ρ(t) are convex,
respectively. Consequently, C2, C4, and C6 together construct
a convex set as well.

Therefore, (38) is a convex optimization problem, because it
minimizes a convex function over a convex set.
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