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Introduction

• Classical NS equations are known to be inade-
quate in describing some compressible flow con-
figurations.

• One of the best-known example of NS failure, is
the shock structure description.

• Reason for failure: typical values of Kn for the
flow with-in shock layer falls between 0.2 and 0.3.

Navier-Stokes Equations
� Continuity equation:

∂ρ

∂t
+ ∇ ··· [ρU ] = 0. (1)

� Momentum balance equation:

∂ρU

∂t
+ ∇ ··· [ρU ⊗ U ] + ∇ ··· [pIII + ΠΠΠ(NS)] = 0. (2)

� Energy balance equation:

∂

∂t
[
1

2
ρU2 + ρ ein] + ∇ ··· [

1

2
ρU2 U + ρ ein U ]

+∇ ··· [(pIII + ΠΠΠ(NS)) ··· U ] + ∇ ··· qqq(NS) = 0. (3)

ΠΠΠ(NS) = −2µ

[
1

2
(∇U + ∇̃U)−

1

3
III (∇ ··· U)

]
,

qqq(NS) = −κ∇T.

Re-casted Navier-Stokes
Mass-diffusion Navier-Stokes: U → Uv − κm∇ ln ρ

� Re-casted continuity equation:

∂ρ

∂t
+ ∇ ··· [ρUv ] = κm ∆ρ. (4)

� Re-casted momentum balance equation:

∂ρUv

∂t
+ ∇ ··· [ρUv ⊗ Uv ] + ∇ ···

[
pIII + ΠΠΠ

(RNS)
v

]
−κ2m∇∆ρ+ κm∇ [∇ ··· (ρUv)] = 0, (5)

ΠΠΠ
(RNS)
v = ΠΠΠv +

κ2m
ρ
∇ρ⊗∇ρ− κmUv ⊗∇ρ

−κm∇ρ⊗ Uv ,

ΠΠΠv = −2µ∇̊Uv + 2µκm D̃DD ln ρ−
2µ

3
κm∆ ln ρIII.

� Re-casted energy balance equation:

∂

∂t

[
1

2
ρU2

v + ρ ein

]
+ ∇ ···

[
1

2
ρU2

v Uv + ρ ein Uv

]
+∇ ···

[
(pIII +ΠΠΠv) ··· Uv − κmΠΠΠv ··· ∇ ln ρ

]
+∇ ···

[
qqq
(RNS)
v

]
+∇ ···

[
κmNv1 + κ2mNv2 + κ3mNv3

]
+κmNv4 + κ2mNv5 + κ3mNv6 = 0, (6)

qqq
(RNS)
v = qqq(NS) − κm ρ ein∇ ln ρ− κm pIII ··· ∇ ln ρ,

Nv1 = − (Uv ··· ∇ρ)Uv −
1

2
U2
v ∇ρ,

Nv2 = (Uv ··· ∇ρ)∇ ln ρ +
1

2 ρ
|∇ρ|2 Uv ,

Nv3 = −
1

2 ρ
|∇ρ|2∇ ln ρ,

Nv4 = ∇ ···
[
ρUv ⊗ Uv + pIII + ΠΠΠ

(RNS)
v

]
··· ∇ ln ρ

−Uv ···
[
∇ ln ρ∇ ··· (ρUv) − ∇ (∇ ··· (ρUv))

]
,

Nv5 = (Uv ···∆ρ∇ ln ρ) − (Uv ··· ∇∆ρ)

+
1

2

|∇ρ|2

ρ2
∇ ··· (ρUv) ,

Nv6 = −
1

2 ρ2
|∇ρ|2 ∆ρ.

Stationary Shock Wave Problem
� The shock wave structure problem is one of the simplest
example for highly non-equilibrium flow phenomena.
� Shock wave is an interface of finite thickness between two
different equilibrium states of a gas.

� Reference Variables:

ρ =
c21
p1
ρ =

γ

ρ1
ρ, uv =

uv

c1
, T =

RRR

c21
T, p =

p

p1
,

x =
x

λ1
, µ =

µ

µ1
, κ =

γ

(γ − 1) Pr
µ, κm = −κm0

µ

ρ
.

where p̄ = ρ̄ T̄ , λ1 is the upstream mean free path, c1 =√
γRRRT1 being the adiabatic sound speed.

� The viscosity-temperature relation: µ ∝ T s

For a monatomic Argon gas here we take s = 0.75
� The upstream Mach number Ma1 is defined as
Ma1 = |uv1 |/c1.

Reduced Re-casted NS Equations(
1 +

κm

λ0 Ma1

dρ

dx

)
uv +

1

m0

ρ T +
1

λ0 Ma1
Π

(RNS)
v − p0 = 0, (7)(

1 +
κm

λ0 Ma1

dρ

dx

) (
γ

(γ − 1)
T +

1

2
u
2
v

)
−

γ2

λ3
0 Ma1

κ3
m

2 ρ2

(
dρ

dx

)3

+
1

λ0 Ma1

(
Πv−

3

2
κm uv

dρ

dx

) (
uv −

γ

λ0

κm

ρ

dρ

dx

)
+

1

λ0 Ma1
q
(RNS)
v −

1

(γ − 1)
h0 = 0, (8)

m0 = γMa1, p0 =
1

γMa1

(
1 + γMa

2
1

)
, h0 = 1 +

(γ − 1)

2
Ma

2
1.

Shock Density Profiles: with κm0
= 1 and s = 0.75

Ma1 = 1.55
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Ma1 = 6.5
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